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CORRECTIONS AND ALTERATIONS. 



Page 1, Art. 2, line 2, after intenecting" insert at right angles. 
Page 5, line 15, for "measure of read meimire of A, 
Pages 6 and 6, for " D" substitute /. 
Page 13, line 2, for "PJT" read FM\ 

Page 27, line 11, for "prove them" read prove those in Art. 27. 
Page 30, line 19, omit "smaller." 



PLANE TRiaONOMETRY. 



CHAPTEK I. 

CONVENTION BESPECTINa THE SIGNS + AND CIRCUM- 
FERENCE AND AREA OF A CIRCLE. MODES OF MEASURING 
ANGLES. 

1. The following Elementary Treatise on Plane Trigo- 
nometry contains "the modes of measuring angles, trigono- 
metrical ratios, fiinctions of two angles, and the properties of 
triangles," besides a Chapter on the solution of Triangles. 

2. Let X'X, I" r be two indefinite straight lines inter- 
secting in and dividing the plane of the paper into the 
four quadrants XOY, YOX\ X'OT and TOX, which are 
called respectively the^rs^, second^ thirdy smi fourth quadrants. 

If OX and OF be considered the positive directions, then 
OX' and OF will be the negative directions. 

Thus, if P,if and P^M' be perpendicular to XX and P^Ny 
and P^' to TYy then OM or P^N is positive, and also ON 
or P^M; whilst OM' or P^N' and OJST or P,Jlf are negative. 

In other words, perpendicular distances from XX and 
above it are positive, below it, negative. Similarly perpen- 
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dicular distances from YY' and to the right of it are positive, 
to the left of it, negative. 



XL / 


Y 

























3. Suppose (Fig. of Art. 2) OA at first to coincide with 
OXy and to revolve from right to left. It will thus succes- 
sively occupy the positions OP^, OPj, OPg, OP^, after having 
described the following angular spaces, viz. : 

A OP^ lying between zero and one right angle. 

A OP^ one and two right angles. 

A OP^ two and three 

A OP^ three and four 

If OA continue its revolution, it will again coincide with 
OX after it has swept through four right angles, and so on. 

Again, if OA revolve in the opposite direction from OX 
towards 0Y\ as through the acute angle AOP^ the angles 
thus swept through will be negative. 

4. The circumference of a circle hears a constant ratio to 
its diameter y and^ its area hears the same constant ratio to the 
sq\mre on its radiits, (See Euclid xil. 2.) 

Let ABy AB be two sides of regular polygons of n sides 
inscribed in any two circles which have the same centre 0. 
Let (7, r, A be the circumference, radius and area of the 
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outer circle; and G\ r' the circumference and radius of the 
inner circle. 




Draw OHD perpendicular to A'E and AB, 
Then from the similar triangles A OB^ A' OB 
AB AB 



we have 
that is 



AO" AO' 

AB AB 
r " r ' 



^, . n.AB n.AB 

therefore = — . 

r r 

Now, n.AB and n.AB are the perimeters of the two 
polygons, and when n is indefinitely increased and therefore 
the length of each side indefinitely diminished, these peri- 
meters ultimately coincide with the circumferences of the 
circles ; in this case 

n.AB n.AB 



therefore 
becomes 



r r 



0' 

The constant ratio — is usually denoted by 27r ; hence we 

have - = 27r, 

(7=27rr...(l). 
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Again, AAOB==^OD . AB, 

,'. polygon inscribed in outer circle =n.AA OBy 

= ^OD.n.AB; 

but when n is indefinitely increased, OD ultimately =r and 
n . AB ultimately = C7, or 27rr by (1) ; 

also the polygon ultimately coincides with the circle, 
^=^.27rr = 7rr^ (2). 

N.B. TT = 3'14159265 true to 8 places of decimals, but in 
most cases it is sufficient to take tt = 3*1416. 
TT = y is too great by j^j very nearly. 

5. Sexagesimal or English method of measuring angles. 

If a right angle be divided into 90 equal parts, each part 
is called a degree, the 60**^ part of a degree is called a minv/Uy 
and the 60*^ part of a minute is called a second^ smaller angles 
being expressed as decimals of a second. 

35° 19' 12" is read 35 degrees, 19 minutes, 12 seconds. 

Since (Euclid vi. 33) in the same circle angles at the 
centre are as the arcs which subtend them, therefore if the 
circumference of a circle be divided into 360 equal parts, each 
part will subtend an angle of one degree at the centre. 

The arc which subtends any angle at the centre is also 
called an arc of as many degrees as the angle contains. 

6. Centesimal or French method of measuring angles. 

If a right angle be divided into 100 equal parts, each part 
is called a grade^ the 100^ part of a grade is called a minute^ 
and the 100**^ part of a minute is called a second. 

35^ 19' 12'' is read 35 grades, 19 minutes, 12 seconds. 
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7. Circular or Theoretical measure of angles. 

The ratio — — is called the circular measure of the angle 
radins 

which the arc of the circle subtends at the centre. 

The circular measure of any angle is independent of the 
length of the radius of the circle. 

For that is, ^w, is the fourth part of the circum- 
ference, and subtends a right angle at the centre ; 

i7i7'-rr = i7r is the circular measure of a right angle; 
and generally if A be any angle at the centre expressed in 
degrees, and D the subtending arc, since the whole circum- 
ference subtends an angle of 360°, we have (Euclid VI. 33) 

^:360::i):27rr. 

But the circular measure of D 

_ A 2irr 
"360* r ^ 
_A^ 
"180-'^^ 

=^.5^ ...(.). 

which is independent of r. q.b.d. 

Cor. Since to express an angle in terms of a given 
angular unit only means to find how often that unit is con- 

180° 

tained in the given angle, we see from (1) thai is the 
unit of angular magnitude in the circular measure of an angle. 
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D r 

Let 2> = r, then — becomes - or 1, and we have from (1) 

= 57°'29577951, 

= 206264"'8, 

or 206265" nearly, 

= the angle svitended at the centre by an arc 
egual to radiiASy 
or = angular unit in the circular measure. 

8. Angles expressed in degrees are generally denoted by 
the Boman letters A, By (7, &c., and expressed in circular 
measure by the Greek letters a, ^, 7, &c 

For the same angle we have therefore the relations 

a-A . ^ -^-180°' 
1 ftO° 

.-. ^° = a . — = a X 57''-29577951. 

IT 
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CHAPTEE II. 

DEFINITIONS AND RELATIONS OF TRIGONOMETRICAL RATIOS. 
CHANGES IN THE SIGN AND MAGNITUDE OF THE TRIGONO- 
METRICAL RATIOS. 

9. Trigonometrical abbreviations, 

sin for sine, sec for secant, 

cos for cosine, cosec for cosecant, 

tan for tangent, vers for versed sine, 

cot for cotangent, covers for coversed sine. 



10. Trigonometrical ratios or functions. 





Y 


CO 

p 


/ 










V ^ 


j M 




Let the two indefinite straight lines XX, F'F meet at 
right angles in 0, and call XX the initial line. 

Suppose OP to revolve, either in the positive or negative 
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direction, from its initial position in OX to any other position 
OP, 

Y (3) 












O ^. M V 












k 



From any point P in OP draw PM perpendicnlar to XX; 
then if we put the angle POX=A, we have the following 
definitions : 



• A 



cos^ = -^, 



tan-4 = 



PM 



OM' 
OP 
OM' 
ver8-4= 1 — C08-4, 



coL4 == 



OM 
PM' 



secil = - 



cosec-4 —^^j 
covers-4 = 1 — siiL4. 



C08*^ means [co^Af or the square of cos-4, and so in 
similar cases. 

In the above figures A denotes any of the positive angles 
subtended at by the dotted arcs or any of the negative 
angles subtended at by the other arcs. 

The learner will bear in mind that the positive angles are 
measured from OX towards the left (or OF), and the negative 
angles towards the right (or OF'). 

The revolving line OP is always considered positive. 

In the first quadrant or in the angle FOX, PM and OM 
are both positive. 
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In the second quadrant or in the angle YOX\ PM is 
positive and OJf negative. 

In the third quadrant or in the angle YOX^ PJf and OM 
are both negative. 

In the fourth quadrant or in the angle Y'OX^ PM is 
negative and OJf positive. 

When OP revolves, either in the positive or negative 
direction, into the same position again, it is clear that all the 
trigonometrical ratios are the same as before. 

Hence, if an angle he increased or diminished hy four 
right angles^ or any multiple of four right angles^ no change 
toill take place in the trigonometrical ratios of the angle. 

11. From the expressions in the last Article the following 
important results are deduced : 



sin-4 . cosecA = ■S^= 1 or 'cosec-4 : ^ 



OP • PM" ~ sin^' 

cos-4 . secA = ^M. •^^= 1 or 8ec-4 = -i-j, 
OP OM cos-4' 

^ . . PM OM ^ ^ . 1 
tan-4 . cot^ = 7Yi>. = 1 or cot-4 = - — 7, 
OM PM tan-4' 

smA_PM_qM_PM_ . 
cos^" OP' OP" OM"^ ' 

coqA I ^ a * 

-: 7 = 7 = C0t4. 

sin^ tan^ 
From the right-angled triangle POM we have 

. OM^PM^ OP" , 
cosM + 8m"^ = -^ + -^= Qp^h 

OP' OM'+PM^ 1^* 2 A 

OP' PM^+ OM" .^fOMV 
cosecM = -p^,= pjf« = 1 + \PM) = 1 + 
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1 2. To prove that sin (— A) = — sin A and co5 (— A) = cosA^ 
and to deduce the other trigonometrical ratios of —A. 
Let P,OJf=^, mSiPfiM^^A. 




So that the right-angled triangles P^OM and PfiM are 
geometrically equal in all respects ; but P^ being measured 
Tyelow XX is negative, and therefore P^if = — PJH. 

By definition 

sin (- A) = ^= - ^^-^^ 



cos (-^) = = 7)p = 

The proof is exactly the same in whatever quadrant OP^^ 
may l^e situated. This remark is applicable to the next four 
Articles, but the learner should make figures for the cases in 
which OP is situated in the three other quadrants. 

Hence also 



sin (— -4) _ — sin^ _ 



cot (— -4) = — cotw4, 
1 



cos-4 



• tan^, 



sec(— ^) = 



cos (— A) 



= T = sec-4, 

cos-4 ' 



4 
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cosecf — id) = -r- 



= — cosecj4j 



'8in(— -4)"" — sin-4 
ver8(— ^) = 1 — cos (— -4) = 1 — cos-4, 
covers [—A) — I — sin (— ^) = 1 + siiL4, 

13. To prove that 

sin (180° - ^) = ainK and cos (180° - ^) = - coaK. 
Let LPOX^A and make the LFOX'^A^ then 

i>'OX=180°-A 
Make 0^^= OP, then the right-angled triangles POJf and 
FOM' are geometricaUy equal in all respects. 

Y 




M 



/. 8in(180°-^) = sinPOX=^ = -^=sinPOJf=sin^, 
008(180°-^) = co8P'OX= ^ = =^=-cosPOif=-cos^. 

Q E2 D 

180°— -4 is called the «wp^7e?wew^ of -4. 
Cor. Hence 

sin (180° - A) ^ jin^ ^ ^ 



tan (180° - ^) = :;:.o ^ = 

^ ' cos (180 --4) -cos^ 

cot(180°-^) = -cot4. 

1 1 



sec (180°-^) = 



cosec(180°-^) = 



cos (180°-^) -cos^ 
1 1 



sin (180" --4) sin^ 



= — sec-4, 
= cosecf. 
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14. To prove that 

«tn(180°+ A) = — 5inA and 
cos (180° + A) = - cosK. 

Let POM^ A. 







Y 




/ ^ /"" o 
















/ 





Produce OP to P' and make 
OF==OP. 

Then the right-angled triangles 
POM and POM' are geometrically equal in all respects. 
Also the angle XOP' measured from OX in the positive 
direction (and subtended by the dotted arc) = 180°+ -4. 

. PM ^PM . . 

/. sm (180 + -4) = = = - sm^, 

cos (180° + A) = = "qp = - cos^. Q.E.D. 

Cor. Hence 

X /-.o/^o . >i\ sin(180°+^) — sin-4 . . 
tan(180 +^)= ^^3;,3,o^^j =3^ = tan^, 



sec (180°+^) = 



cot(180°+.4) = cotu4. 
1 1 



cosec(180°+^) = 



cos (180°+ -4) -cos^ 
1 1 



sin (180°+^) -sin^ 



= — sec-4, . 
= — cosec-4. 



15. To prove that 

sin (90° — A) = cosK and cos (90° — A) = sin A. 
Let LPOX^A and make L YOP'^A^ so that 
P'Oif'=90°--4. Make OF=OP. 

The right-angled triangles POM and FOM are clearly 
equal in all respects, and FM= OM^ OM'^PM. 
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sin (90°- A) = sinP' OM' = ^ = ^= cos^, 
Y 




cos (90°- A) = cosF Oif '= ^ = ^= sinA. 
(90°— -4) is called the complement of A. 

Cor. Hence 
X /ftAO A\ sin (90°— ^) cos^ 

"^)= cos(9o°-^) -s-i5:a=^^^> 

cot(90°--4)=tan-4. 

sec (90° -A)=: jr-^ = -J-j = coscc^, 

^ ' cos(90 — -4) sinA ' 

cosec (90° -A)= . ,^?o — rr = = sec^. 
^ ^ sin(90 —-4) cos-4 



16. To prove that 

sin (90° + A) = cos A and cos (90° + A) = - sinA. 
Let LP OX— A ^ and make 
1^02^ = ^, so that 

P'OX=90°+A 

Also make OF = OPy 
then the right-angled tri- 
angles POM and FOM' are 
geometrically equal in all re- 
spects, and OM' = — PJf, 



Q.E.D. 
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cos (90° + ^) = cosP' 0X= ^ = ^^p= - sin^. q.e.d. 

Cor. Hence 
*««^QAO. A\ sin (90° + ^) cos^ . . 

cot(90° + ^) = -taiu4. 
sec (90° + ^ ) = (90- + ^) = = - 

cosec(90°+.4) = 



"sin (90° + ^) cos^ 



= sec-4. 



*17. To trace the changes in the sine and cosine of an 
angle as it varies from 0° to 360°. 

T 




Let YY cut the initial line X'X at right angles in 0, and 
suppose a line OP of constant length to revolve from its initial 
position OA in OX, so that P describes the circle ABGD ; 
then from the right-angled triangle POM in any of the four 

PM 

quadrants we have sinPOX=^p. 
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When OP coincides with 0-4, PM vanishes, and thus 
8inO° = 0. 

As OP moves through the first quadrant (1), PJf is posi- 
tive and continually increases until OP coincides with Oj5, 
and then PM also coincides with OB or OP; thus as the 
angle POX increases from 0° to 90°, sinPOX increases from 
to 1. 

As OP moves through the second quadrant (2), PM is 
positive and continually decreases until OP coincides with 
00, and then PM vanishes; thus as the angle POX, swept 
out by OP, increases from 90° to 180°, sinPOX decreases 
from 1 to 0. 

As OP moves through the third quadrant (3), PM is 
negcUive and increases numertcallt/ until OP coincides with 
OD ; thus as the angle POX increases from 180° to 270°, its 
sine is negative and increases numerically/ from to — 1. 

As OP moves through the fourth quadrant (4), PM is 
negative and decreases numerically until OP coincides again 
with OA ; thus as the angle POX increases from 270° to 
360°, its sine is negative and decreases numerically from 
- 1 to 0. 

We thus see that sinO° = 0, sin90°-l, sin 180° = 0, 
sin 270° = -1, sin360° = 0; 

or, in circular measure (see Art. 7), 

sinO = 0, sin^=l, sin7r = 0, sin^ = — 1, sin27r = 0. 
Again, cosPOX= 

When OP coincides with OAj then Oilf = OA or OP, and 
thus cosO° = l. 

As OP moves through the first quadrant, OM is positive 
and continually decreases until OP coincides with OP, when 
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OM vanishes ; thus as FOX increases from 0° to 90°, its 
cosine decreases from 1 to 0. 

As OP moves through the second quadrant, OM is 
negative and increases numerically until OP coincides with 
OC'j thus as the angle POX increases from 90° to 180°, 
its cosine is negative and increases numerically from to — 1. 

In the same way it is seen that, as POX increases from 
180° to 270°, its cosine is negative and decreases numerically 
from - 1 to 0, and as POX increases from 270° to 360°, its 
cosine is positive and increases from to 1. 

Thus we see that cosO° = l, cos 90° = 0, cos 180° = -1, 
cos270° = 0, cos360° = l, 
or, in circular measure, 

cosO=l, cos^ = 0, cos7r = — 1, cos^ = 0, cos27r=l. 



*18. To trace the changes in the tangent of an angle as it 
varies from 0° to 360°. 

tanPOX= (See fig. Art. 17.) 

When OP coincides with OAy then PJf=0, and thus 
tanO° = 0. 

As OP moves through the first quadrant, PM and OM are 
both positive, PM continually increases and OM continually 
decreases until OP coincides with OB; thus, as POX in- 
creases from 0° to 90°, its tangent is positive and increases 
from without limit ; so that by taking POX sufliciently near 
to 90°, we can make tsnPOX as great as we please, or, more 
briefly, tan90° = oc. 

As OP moves through the second quadrant, PM is posi- 
tive and continually decreases, and OM is negative and in- 
creases numerically until OP coincides with 0(7; thus, as the 
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angle POX increases from 90° to 180°, its tangent is negative 
and decreases numerically from ^ oc to 0. 

As OP moves through the third quadrant, both PM and 
and OM are negative^ and therefore the tangent is always 
positive ; also PM increases and OM decreases numerically 
until OP coincides with OD ; thus, as the angle POX in- 
creases from 180° to 270°, its tangent increases from to cc. 

As (?P moves through the fourth quadrant, PJf is negative 
and decreases numerically^ and OJf is positive and increases; 
thus, as the angle POX increases from 270° to 360°, its 
tangent is always negative and decreases numerically from 
— oc to 0. 

We thus see that tan0° = 0, tan90°=tx, tan 180° = 0, 
tan270° = oc, tan360°=^0, 
or, in the circular measure, 

tan0 = 0, tan-=i:QC, tan7r=±0, tan— = qc, tan27r = 0. 

N.B. When the angle POX is in the first quadrant and 
indefinitely near to 90°, then tanPOX is indefinitely great 
and positive ; when POX is in the second quadrant and in- 
definitely near to 90°, then tanPOX is indefinitely great and 
negative. 

Thus tan90° = -f Qc (OP in the first quadrant), 
tan 90° = — QC ( OP in the second quadrant), 
tan 270° = + x (OP in the third quadrant), 
tan 270° = - cc ( OP in the fourth quadrant). 

19. Since (Art. 11) 

sec^ = — ^7, cosec^ = -r^, and cot^ = 7-^— j. 
cos^ sm-4' tan^ 

We may deduce the changes in the secant, cosecant, and 
cotangent of an angle, as it varies from 0° to 360°, by means 

D 
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of the known changes in the cosine, sine, and tangent, already 
traced. It will thus appear that the secant and cosecant may 
have any value between — 1 and — oc and between + 1 and 
+ QC, that the tangent and cotangent may have any value 
between — oc and +oc, and that the sine and cosine may 
have any value between — 1 and + 1. 

Since, yer&A = 1 — cos-4 (Art. 10), 
and covers-4 = 1 — sin^, 

therefore vers-4 and covers-4 are always poattivej and may 
have any value between and 2. 

20. We see from the last three Articles that the sine and 
cosine change their signs whenever they pass through the 
value zero, and that the tangent, cotangent, secant, and cose- 
cant change their signs whenever they pass through the value 
infinity, and that they do not change their signs in passing 
through any other values, 

21. To show that the Trigonometrical Ratios of any angle 
whatever may be ea^ressed in terms of the Trigonometrical 
Ratios of some positive angle not exceeding a right angle. 

We need only consider the case of the sine and cosine, 
since the other Trigonometrical Ratios can be expressed 
directly in terms of these. 

By Art. (12), sin(-^) = -sin^, 
and cos {—A) = cosAj 

therefore we can make the sine and cosine of any negative 
angle depend upon those of the corresponding positive angle. 

By Art. (10) any multiple of four right angles may be 
taken away from, or added to, an angle without causing 
any change in its Trigonometrical Ratios, and thus we may 
replace any angle by an angle less than four right angles. 
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B7 Art. (14) 8in(180° + u4) = -8m^, 
and cos ( 180° + -4) = — cos^, 

and thus we maj make the sine and cosine of any angle « 
depend upon those of an angle not greater than 180°. 

By Art. (13) sin (180° -A) = sin^, 
and cos ( 1 80° — ^) = — cos^, 

and thus we may make the sine and cosine of any angle 
depend upon those of an angle not greater than 90°. 



{ 20 ) 
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^CHAPTER III. 



CONSTBUCTION OP ANGLES WITH ASSIGNED TRIGONOMETRICAL 
RATIOS. GENERAL FORMULAE FOR ANGLES WITH GIVEN 
TRIGONOMETRICAL RATIOS. 



22. To construct an angle with a given positive sine or 
cosine. 

AB 

Let AB:BC or be the given sine or cosine, BC 
being > AB. 

Draw the indefinite 
straight line BD perpen- 
dicular to ABj and inflect 
AB^BG (that is, from 
the centre ^ at a distance 
equal to BC describe a 
circle cutting BD in i>, a" 
^,nd join AD). 




B 



Then co8^ = ^ = ^, 



AB 



and einD = sin (90° — ^) = cos-4, by Art. (15), = 

AB 

Hence, if the sine be given = -g^, D is the required angle, 

AB 

and if the cosine be given = -g^, A is the required angle. 
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23. To oamtmct an angle with a given positive tangent or 



(See fig. Art. 22.) 

AB 

Let AB: BG or ^ be the given tangent or cotangent. 
Draw BB perpendicolar to AB, and = 5(7, and join AD. 
Then cot-4 = = 

and tanjD = cot-4 = ~M = 

Mwi^ BD BC 

Hence, if the cotangent be given = A is the required 

AB 

angle ; and if the tangent be given = D is the required 
angle. 

24. To find a general expression for all the angles which 
have a given sine. 

Let POif be the least positive 
angle which has the given sine, 
and let a be its circular measure. 
Make the angle FOM'=POMj 



p 




Y 


p 




N 


A 






O M 






Y' 





the angle P OM is tt — a. 

It is evident from the figure 
that all the angles terminated by 
OP and OF have the given sine 
(see Art. 13). 

Therefore (by Art. 10), if m be zero or a positive or negative 
integer, the formula 2m7r + a will comprehend all the angles 
terminated by OP and 2wi7r + tt — a, or (2m + 1) w — a will 
comprehend all the angles terminated by OF. 

Now w7r + (— 1)". a, where n is zero or any positive or 
negative integer, will embrace both the formulae 2mir + a and 
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(2m + l)7r — a; for if « be an even integer, positive or nega- 
tive, and =2»i, n7r+(— 1)*. a becomes 2w7r + a, and if n 
be an odd integer, positive or negative, and = 2w + 1, 
w7r + (— 1)*. a becomes (2m + l)7r — a. 

Thus the formula nir + (— 1)*. a includes all the angles, 
and no others j in 2w7r + a and (2wi + l)7r — a, that is, all^ the 
angles which have the same sine as cu 

.'. sin {nTT + (— 1)". a} = sin a. . 

The formula n7r+(-l)*. a also includes all the angles 
which have the same cosecant or coversed sine as a. 

25. To find a general eocpression for all the angles which 
have a given cosine. 





Y 


P 

m: 










X 



Let POMh^ the least positive angle which has the given 
cosine, and let a be its circular measure. 

Make the LP'OM=POMj so that the circular measure of 

FOM'lB^OL. 

It is evident from the figure that all the angles terminated 
by OP and OF Have the given cosine. (See Art. 12.) 

Therefore (by Art. 10), if n be zero or any positive or 
negative integer, the formula 2n7r + a comprehends all the 
angles terminated by OP and 27i7r— a comprehends all the 
angles terminated by OF. 
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Thus the formula 2mr ± a includes all the angles, and no 
others J which have the same cosine as a. 
/. cos (2«7r ± a) = cos a. 

The formula 2n7r ± a also includes all the angles which 
have the same secant or versed sine as a. 




M 



26. To find a general expression for all the angles which 
have a given tangent. 

Let FOMhe the least positive 
angle which has the given tan- 
gent, and let a be its circular 
measure. 

Produce PO to F, so that the ^ 
circular measure of the angle 
FOM, subtended at by the 
dotted arc, is ir + a. 

It is evident from the figure that all the angles terminated 
by OP and OP have the given tangent. (See Art. 14.) 

Therefore (by Art. 10), if m be zero or any positive or 
negative integer, the formula 2m7r + a comprehends all the 
angles terminated by OP, and 2w7r + 7r+a or (2wi + l)7r + a 
comprehends all the angles terminated by OP. 

The formula wtt + a evidently comprehends all the angles, 
and no others^ included in these two formulae, that is, all the 
angles which have the same tangent as a. 

.•. tan [nir + a) = tan a. 

The formula W7r-f a also includes all the angles which 
have the same cotangent as a. 
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CHAPTER IV. 




TBIGONOMETBICAL FUNCTIONS OP TWO ANGLES. 

27. To find the sine and cosine of A + Ti in terms of the 
sines and cosines of A and B. 

Let the angle XOG=A yD 
and C OD = B ; then the angle 
XOD^A + B. 

From P, any point in ODj 
draw PJf perpendicular to OX 
and PQ perpendicular to 0(7; 
draw ^^perpendicular to OX 
and QB perpendicular to PM. 

Then the angle QPB = 90*^ - PQB = BQO = A. 

„ . PM BM+PB QN+PB 

Now 8in(u4 + P) = ^= — Qp—= Qp . 

_QN OQ^PB PQ 

" OQ' op'^ PQ' or 

= sin^ cosP+ cos^ ainB. 

OM ON^MN ON^QB 
cos + B) = ^ = OP = OP ^ 

ON OQ^QB PQ 
~OQ'OP PQ'OP 

= coSw4 cosjB — sin-4 sin j5. 
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*28. To find the tangent ofA + Bin terms of the tangents 
of A and B. 




. , . p, PR QN+ PR 

tam^ + - 



QN m 



ON'^ON 



1- 



ON 
QN PR 
ON^ ON 

WW- 

QN'ON 



1- 



Now from the similar triangles PQR, QON, we have 
PR'.PQ'.'.ON: OQ, /. ^= ^ = taafi, 

and PQ'.QRy.OQ: QN, ^= ^ = tanA 

■A-lao ^^=tan^. 
ON 

. . f A , m tan A + tanj5 
tan(^ + ^ = ^_^^^^ . 

29. To find ike sine and cosine of A — H in terms of the 
sines and cosines of A and B. 

Let the angle XOG=A and GOD = B; then the angle 
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From P, any point 
in ODf draw PM per- 
pendicular to OX, and 
PQ perpendicular to 
00; draw QN per- 
pendicular to OX, and ^ 
QR perpendicular to 
Pif produced. 

Then the angle QPR -- 



O 



1B, 



N If 



1^ . , . PM RM-PB 
Now saiL\A — B)=Yif>— 



■ 90" -PQR=RQO= A. 

QN-PR 



OP 



™ OM ON+MN 
cos(^-5) = -^ = 



0P~ OP 
_QN OQPRPQ 
~OQ'OP PQ'OP* 
= sin^ cobB— coaA amB. 

ON+QR 

TfP OP ' 

_02[ OQ,QR PQ 
~OQ'OP'^PQ'OP' 
= cos^ cosB+ ainA smB. 

*30. To fmd (Jie tangent of A. — Bin terms of the 
of A and B. 

(See fig. Art. 29.) 

^ ™ PM RM-PR 

tan(^-5) = ^= 



ON-^MN' 
QN-PR 
ON+QR> 
QN PR 
ON ON 

^^ON 

QN_m 

O N ON 

WW 



1 + 



QN'ON 



31.] PLANE TRIGOKOMETRT. 27 

Now bom the simflar triangles PQRj QON^ we have 
PB:PQ::ON:OQ, ...^=^ = tan5, 

and PQ: QB:: OQ: QN, ...||=^=tan5. 

Also ^^=tan-4, 
ON 

X / A T>\ tmA — tan£ 



31. The formulae in the four preceding Articles have 
only been proved for positive values of A + B and 

A --By less than 90°. In the next Article, however, they 
will be shewn to hold universally for all angles. We vntt 
now prove them when A and B are each less than 90°, but 
A + jB greater than 90°. 

Let the angle X0(7=^, 
and GOI) = B; then the angle 
XOD^A + B. 

From Pj any point in 02), 
draw Pilf perpendicular to X'X, 
and PQ perpendicular to 0(7; 
draw QN perpendicular to OX, 
and QB perpendicular to PM. 

Then the angle QPB^90° '-PQB=^BQO = A. 

QN-hPB 




■KT ' fA^m BM+PB 
Now sin(^+5)=^= — — 



OP 



_QN OQ^PB PQ 
^ OQ'OP^PQ'OP' 

= sin A cosS+ cos-4 sin A 
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cos [A-{-B) = -gp = — , since UM is negattvcj 

_ ON^ QR 
~ OF ' 

ON OQ_QR PQ 
^OQ'OP PQ'OF 
= cos^ COS J? — sin^ sin£ 



32. To prove the folhwing four formulae universally true 
for all values of A and B. 

sin + -B) = sin^ co85 + cos^ sin5 (1), 

cos + 5) = cos^ cosjB— sin^ sin£ (2), 

sin — J?) = sin A cosB— cos A sinJ? (3), 

cos {A—B) = cosA cosJ?+ sin^ sin5 (4). 

These formulae have been proved for values of A and B 
less than 90°, A being greater than B in (3) and (4). 

The restriction of A being greater than B may be removed 
from (3) and (4) ; for let B be greater than A ; 
then, by Art. (12), sin - 5) = - sin {B-A), 
cos [A — B) = cos (B—A), 

Now since jB — ^ is positive and B and A each less than 
90°, the formulae (3) and (4) hold for sin (J? --4) and 
cos (5-^). 

.*. sin {B—A) = sin5co8^ — cos^sin^, 
and cos (J? — -4) = cosJ?cos^ + sinJ?sin^. 
Hence sin {A — B) = sinA cosB—cosA sinjB, 
and cos {A — B) = co&A cosB + sin 4 sin5. 

Thus the four formulae hold for all values of A and B 
between 0° and 90°. 

Again, these limits may be increased by 90° for either or 
both of the angles A and B. 
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For, by Art. (16), 

sin (90°+ -4 + jB) = cos (-4 + B), 

= cos^ cos£— siiL4 sin-B by (2), 
= sin (90° + A) cosJ? + cos (90° + A) sin5, 
or = cos^ sin (90" + J?) + sin^ cos (90° + B). 

Therefore if (2) hold for any values of A and By (1) will 
hold when either angle has been increased by 90°, and thus 
(1) can be shewn to hold for any positive angles however 
large ; and in the same way the three other formulae can be 
shewn to hold for any positive values of A and B however 
large. 

Thus the four formulae hold for any positive values of 
A and B. 

They also hold for any negative values of A and B; for 
if 5 be negative in (1), it is reduced to (3) with A and B 
positive, which case has already been established. 

Suppose then A and B both negative, and let -4 = — A' 
B,niB=-B; 

then sin {A + B) = sin (- A'-B) = - sin {A'+B), 

= — sin^' cosJ?'— cos^' siujB', by what has 
been already shewn. 
= — sin {—A) cos {—B) — cos {—A) sin (—5), 
= sin^ cosjB + cos^ sin^. 
Similarly the other formulae can be shewn to hold good 
when A and B are both negative, or when only one of these 
angles is negative. 

33. From the formulae in Art. (32) we have 

sin {A + B) + sin (^ - 5) = 2 sin^ cosB (l), 

sin [A + B)"- sin {A-B) = 2cosA sinB (2), 

cos ( 4 - J?) + cos (^ + J?) = 2 cos^ cos-B (3), 

cos (^ - J?) - cos {A-^B) = 2 sin A sinB (4). 
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If we consider A + B and A — B as single angles, then 
A is half their sum and B half their difference. 

We may therefore enunciate these four formulae as fol- 
lows: 

(1) The sum of the sines of any two angles is equal to twice 
the sine of half their sum multiplied into the cosine 
of half their difference. 

(2) The difference of the sines of any two angles is equal 
to twice the cosine of half their sum into the sine of 
half their difference. 

(3) The sum of the cosines of any two angles is equal to 
twice the cosine of half their sum into the cosine of half 
their difference. 

(4) The difference of the cosines of two angles is equal to 
twice the sine cf half their sum into the sine of half 
their difference. 

It ought to be carefully noted that in the case of the 
difference of the cosines the smaller angle A^B stands first 
on the left-hand side. 

Hence 

sin^ + 8in£= 2sini(-4 + B) cosi(^ - 5), 
AnA - 8in5= 2cosi(^ + B) mi\{A - JB), 
cosjB+ cos-4 = 2 cos^(^ -f B) cos^(^ — 5), 
cosjB — cos^ = 28ini(^ + B) 9im\{A - B). 

34. sin(-4 + 5)sin(^-5) 

= (sin-4 cos5+ cos^ sinB) (sin^ cos5— cos^ sin5), 

= sin'-4 cos'-B— cosM sin'JB, 

= sinM(l — sin'J?) — cosM sin'^, 

= sinM — sin'*jB(sin'^ + cosM), 

= sinM — An? By since cos'-4 -f sin*-4 = 1, by Art. (11). 
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And cos(-4 + B) co8(-4 - B) 

= (cos-4 cos5— sinS) (cosu^ C08J?+ sin-4 bulB), 

= cos*-4 cos'£ — sin'-4 sm*5, 

= cosl4(l — 8in'5) — sin*-4 sin'-B, 

= cob' J. — 8m'jB(cosM + BinM), 

= cos'-4 — sin'JB = cos'JB — Bin'-4. 



^ ' co8(-4 •\-B)'~ QO^A cosjB — siiL4 sin-B* 

Dividing both numerator and denominator of this fraction 
by cos-4 cos^, we have 

tan(^ + ^) = ^_^^ (1), 

Multiply the numerator and denominator of this fraction 
by cot4 cotB, then since tarul cot-4 = 1, we have 

In (1) and (2) put jB=^. 

Thentan2^ = j^ (3) 

= W 

In (1) and (2) for B write - By then since tan(- 5) = - tan5 
and cot(— B) = — cotS, we have 

^ tan-4-taaB 
^°(^-^ = l + tan^tan^ 

J j,f A 7>\ cot4cotBH-l 
andcot(^-^)^ ^^_^^^ (6). 
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"^^^ sin^-siiLB~2cosi(.4 + J?)8mi(^-5) V^"' ^^'J 

_ taD^(^ + .g ) 

"tani(^-5)' 
C08^- cosud _ 2sin^(^ + B) 8in^(^ - B) 
cosB + cos^ 2cos^[A+B) cos^{A - By 

= tani(u4 + J?) tani(^ - B). 

37. sin 2 4 = sin + -4 ) = sin-4 cos-4 + cos-4 sin-4, 

= 2sin-4cos-4, 

cos 2^ = co8(-4 + -4) = cos-4 cos-4 — sin^ sin-4, 

= cosM — sinM, 

= 2cos"^-l, 

= l-2sinM, 

1 + cos2^ = 2cos*^ ; 

and 1 — cos 2-4 = 2 sinM, 

1 — cos 2-4 2 sin'-4 ^ « , 

1 + cos 2-4 2cos*^ 

Ai ' A 2sin-4co8^ . 2a , - 2a i 
Also sin2-4 = — 5-7-; — ^-tai since cos*-4 + sin'-4 = 1, 
co8\4 + 8m'-4' ' 

2tan-4 

= ^ ^ tan'-4 ^ dividing both numerator and 
denominator of the last fraction by cosM. 

^ . cos'-4 — sin'-4 

cos 2A = - -g-^ ——7- J - . , 
cos -4 + sm*^' 

_ l-tan^.4 

""l + tanM" 

1 H- c os2A _ 2cos^A _ ^^^^ 

sin 2 A "2 8in-4 cos-4 * 

or cosec2-4 + cot 2-4 = cot-4, 

.•. co8ec2-4 = cot-4 — cot 2^. 

l-co82^ _ 2sin'-4 _ 

sin 2-4 ~ 2 8in-4 cos-4 ' 

or cosec2-4 — cot 2-4 = tan-4. 
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oo J. A , J. A 8in-4 co8M + Bin^4 

38. cot^ + tan^ = — j h j = — — 3— 

sm^ cos^ sm^ cos^ 

= — ^ ^ = -r-~-7 = 2co8ec2-4 ; 

X >! X A sin 4 cosM — sinM 

COM — tan^ = — 7- j = — — ^ j— 

sm^ cos^ sin^ cos^ 

cos2ud 2 cos 2^ 



sin^cosud sin 2^ 



= 2 cot 2^. 



39. sin3^ = sin(2-4 + -4) = Bin2-4 cos-^l + cos2^ sin^ 

= 2 sin-4 cosM + (1 — 2 sin'-4) 8in-4 

= 3sin^ — 4sin'-4 ; 
COS3-4 = co8(2-4 + -4) = co82^ cos^ - flin2-4 sin^ 
= (2cos"-4 — 1) cos-4 — 2C08-4 sin'.4 
= (2cosM — 1) COS^ — 2C08^ (1 — cos'-4) 
= 4cos'-4--3cos^. 

Hence tan3-4 — ^^^^^ ^ 3sinil~4sinM 
cos 3^ ~~ 4cos'-4 — 3cos^ 
_ 3sin^(co8'.4. H- sinM) — 4sin°^ 
"* 4cos'-4 — 3co8-4(cos"-4 + sin" J.) 

3 sin^ cosM — sin'^ 
~ cos'-4 — 3cos^ sin*^ 
_3 tan^-tan^.4. 
~ l-3tanM ' 
by dividing the numerator and denominator of the last fraction 
by cob' J.. 

40. Let ^ + 5+ (7=180°, 
.-. ^ = 180° -(5+ (7), 

. •. C08-4 = — cos( J? + C) = — cosS COS G + sinJB sin C, 

(cos^ + co85co8C)'=sin'J?sin'(7= (1 -co8'j5)(l-cos"(7), 
. •. cosM + 2 cos^ cos5 cos G + cos'jB cos' G=\ — cos'jB — cos" C 

4-co8"5cos*(7, 

C08*-4 H- C0S"5+ C08'(7+ 2cos^ C0SJ?C08(7= 1 (1). 
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Again, ^+5= 180°- (7, 

.% tan(^ + J?)=- tan (7, I 



/. tan-4 + tanjB = - tan (7(1 - tan^ tanjB), 

.'. tan^ + tan5 + tan (7 = tan-4 tan J? tan (7. (2). 

41. Let a + )9 + 7 = 27r, 

a = 27r-.(iS + 7), , 
cosa = cos{)9 + 7) = cosfi cosy — sinyS 8in7, 
(cos a — cos)9 CO87)* = sin')9 sinV? 
.'. co8'a + cos')9 + co8*7 — 2cosaco8/9cos7=al. 
Also tana + tan/3 + tan7 = tana tan)9 tan7. (See last 
Article.) 
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♦CHAPTER V. 



TKIGONOMETRICAL RATIOS OF KNOWN ANGLES. FORMULAE 
OF VERIFICATION AND FOR THE DIVISION OF ANGLES. 

42. Find the principal Trigonometrical Ratios of the fol- 



lowing angles : m\ 60°, 45°, 15°, 75°, 36°, 54°, 18°, 72°, 9°, 
81°, 27°, and 63°. 

The Trigonometrical Batios of all these angles will be 
positive, since the angles are positive and less than 90°. 

sin 60° = 2sin30° cos30° (Art. 37) 

= 2sin30° sin 60°, since cos30° = sin(90° - 30°) 

(Art. 15) ; 

1 = 2 sin 30°, sin 30° = cos 60° = i, 
.-. cos30° = sin 60° = V(l - sin»30°) = V(l - i) = 




cot 60° = -^= tan 30°. 
Vv 

sin'45° + cos'45° = 1, and sin 45° = cos 45°, 
.'. 2cos"45° = l, 



cos45° = sin45° = -4; 

V2 

tan45° = cot45° = l. 
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8m75° = sm{45° + 30°) = sin 45° C0830° + cos45° sin 30^ 
COS 76° = C08(45° + 30°) = C0845° C0830° - sin 45° 8in30° 

••• -"«° = ^=(V3Tf)i;^/:ri^ 

Let A = 18°, /. 3A = 54°, 2A = 36°, and SA + 2A = 90°, 
/. cos3^ = sin2^, 

.-. 4co8'-4-3co8^=2sin^co8-4 (Arts. 39, 37), 
.-. 4cos"-4 — 3 = 2sin-4, 
or 4(1 - sinM) - 3 = 2 sin J., 
4sin'-4 + 2sin4 = l, 

sin^= f~^« 

4 

Since sin 18° is positive we must take the positive root ; 
sinl8°=C08 72° = l(V5-l), 
cos 18° = sin 72° = V(l - 8in»18°) = ^(l - 

= M10 + 2V5), 

cos36° = 2cos"18°-l (Art. 37) 

= iO + 2V5 ^ ^ ^^^^ ^.^^^o^ 

sin36° = V(l-cos»36°)=^(l-'^±^) 

= iV(l0-2\/5)=cos54°. 
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By Art. (33) we have 

sin54° -h sm36° = 2sin45'' C089° = V2 . C089°, 
sin 54° - 8in36° = 2cos45° sin 9° = *J2 . 8in9^ 

. sin54° + 8in36° V5-hH-V(10-2V5) 

C50S9 =Sin81 = T^r = - 

V2 4V2 
_ V(3 + V5)-hV(5--V5) 
4 ' 

since V(3 + V^) = ^^.1^ ^ , by the ordinary rule for extract- 
ing the square root of a Binomial Surd. 
And 

sin9°=cos8r = V5-H-V(10-2V5) ^ V(3 + V5)- V(5-V5) ^ 
4^2 4 
By Art. (33) we hare 

2 cos 18° 



sin 63° + sin 27° = 2 sin 45° cos 18° = 
sin 63° - sin27° = 2cos45° sin 18° = 



V2 
2 sin 18° 
V2 



... sin63° = cos27° = ^-^+^^ 

sin27° = cos63° = ->^'^' ^^^'^^ = V(10-f 2V5)^^(V5-1) ^ 

The Trigonometrical Eatios of 30° and 60° may also be 
easily found by drawing a perpendicular from one angle of 
an equilateral triangle to the opposite side. 

42. Reduce sin d-^-cosd taa single term. 
sin ^ -h cos ^ = cos^l - + cos ^ = 2 cos^ cos^ j - 0^ (Art. 33) 

= V2.cos^j-^). 



PLANE TRIGONOMETRY. 



[43. 



43. By Art. (33) we have 

8in(36>^) - 8in(36°- A) = 2cos36°sm^ = i(V5+ 1) sin^, 
sin(72'' + A) - sin(72° - ^) = 2 cos 72° sinA = ^{^5 - 1 ) sinA, 
\ sm(36°+ A) + sin(72° - ^) - 8m(36° -A)- sin(72° + A) 
= J(V5 + 1) siiL4 — — 1) 8m-4 = siiL^. 



sin(54°+^) + 8m(54°-^) = 28in54°cos^= i(V5 + l)cos^, 
8in(18''+^)+8in(18"-^) = 28inl8''co8^=i(V5-l)cos4, 
8in{54° + A) + 8in{54° - ul) - 8in(18° + ^) - 8in{18° - 

= + 1) C08-4 — — 1) cos-4 = C08-4. 

(Legendre's Formula.) 

8in{60° + A)- sin(60° - ^) = 2 cos 60 ainA = 8in-4, 

8in(45° + ul) - sin (45° -A) = 2 cos 45° sin^ = V2 . sin^. 

Euler's and Legendre's formulae are called formulae of 
verification, because they are used in verifying results in the 
computation of Trigonometrical Tables. 

. . . A A 

44. Given sin A. to find sin— and cos-r. 

2sin^-4cosi-4 = sin^, (Art 37), 
sin*^-4 + cos'i^ = 1, 
(sin^-4 + cosi-4)'=l + sin-4, 
(sin ^-4 — cosi-4)' = 1 — sin-4 ; 
.•. sin^-4-|-cosi-4 = ± V(l + 8in-4)) . . 

sini^ - cosi^ = ± V(l - sin4)j 
.•. 2sini-4 = + V(l + sin-4) ± V(l - sin-4)) . . 



The ambiguity of sign before the radicals in (1) and (2) 
may be removed by the particular value or limits assigned to 
-4, as will appear from the next Article. 



(Euler's Formula.) 
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45. To trace the change in the sign ofsin^A + ccs^A and 
of sin^A — cas^A as ^A varies from 0° to 360®, that isj as 
A varies from to 720^ 




Let the dotted lines bisect the four quadrants. 

It is clear that the sines and cosines of the angles termi- 
nated by the dotted lines are numerically equal, and that the 
numerically greater of the two ratios sin^A and cos^^ will 
determine the signs of both expressions sin^^H-cos^^ and 
sin — cos 

Now for values of from — 45° to + 45°, that is, through 
the angle HOE^ 

co&^A is greater than sin^A ; 

therefore for those limits of ^A 

sin + 008^-4 is positive, 
and sin^^ — cos^A is negative ; 

sin^^ + cos^A = + V(l + sin^), 

sin ^A — QOS^A = — V(l - sin-4). 
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For values of from 45° to ISS*", that is, through the 
angle EOF, 

Qinj^A is positive and greater than cos^^, 

.•. sin^^ + cos^^ = 4- V(H-sin^), 

sin ^-4 — cos^u4 = -|- V{1 — sin^). 

For values of ^A from 135° to 225°, that is, through the 
angle FOG, 

cos ^-4 is negative and numerically greater than sin^^, 
sin^^-|-cos^^ = — V(l + sin^)> 



For values of ^A from 225° to 315°, that is, through the 
angle GOH, 

sin^^ is negative and numerically greater than cos^^, 
.'. sin + cos^-4 = - ^/{\ + sin4), 



The limits -45° to +45° of \A include the angle HOE^, 
these limits are therefore equivalent to the limits from 315° to 
360°, and from 0° to 45°. 

Hence we may arrange the above results as follows : 
For values of \A from 

315° to 360° f 2 sin = + ^{1 + sin^) - ^J[\ - sin^) 
and 0° to^45° |2cosi^ = + ^(1 + si^^) + V(l - sin-4)' 



sin^^ — cos-^-4 = -I- V{1 — sin^). 



sin \A — cos^-4 = — V(l — sin-4). 



45° to 135^ 




+ V(l + sin J) + V(l - sin^) 
+ V(l -h sin^) - V(l - sin^)' 



135° to 225' 



,|2sin^^ 
|2cos|^ 



- V(l + sin.4) + - sin.4) 

- V(l + sin^) - V(l - sin^y 



225° to 315* 




- V(l -I- - V(l - sin^) 

- V(l -h sin^) + V(l - sin^)* 
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Example. — Find the values ofnn22''1[ and co822'^. 

It is clear that cos 22°^ is greater than sin 22°^. 

.-. sin 22°^ + cos 22°J = + VCl + sin 46«) = V(l + iV2) 

_ V(2 + V2) . 

~ V2 ' 

81022°^ - C0822°i = - ^(1 - sin45'0 
... Bin22°i = ^(^-^^^W(^-^^), 

cos22°i^^(^ + ^^y-^^^). 

Here we might, at once, have written down the formulae 
opposite the limits 0° to 45^, viz., 

2 sin ^-4 = + V(l-I- sin^) - V(l - sin^), 
2co8i-4 = -h + sin^) + V(l - sin^), 
and then have substituted in them 45° for A. 

46. To divide a given angle (2a) into two parts whose 
tangents shall he in a given ratio. 

Let a+ dand a — 5 be the two parts required, and — the 

given ratio ; 

^^^''tan(a-e)"7i' 

tan(a •\-6) — tan(a — 6) _ m — n 
' ' tan(a -\-d)+ tan(a 5) ~ m + 

sin(a + 0) co8(a — g) — cos(a + ^) sin (a — g) _ m — n ^ 

sin(a + 0) cos(a — 0)-\- cos(a + 0) sin(a — ff)~ m + n^ 

sin 2^ m— n 

sin 2a w + w' 

sin2^=^— ^.sin2a, which determines ^. 
m + n 

Hence a + 5 and a — ^ are known. 
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Oeometrical Solution, 

In the straight line BG take 
BDiDO in the given ratio. 

On BG describe the segment 
BAG containing the given angle, 
and draw DA perpendicular to 
BO. Join BA, AC. 

Then the angles BAD^ DAG are the required parts; for 
BAG is equal to the given angle, and 

tan J?^2) : tan GAD y.^i^^BDiDG. 
AD AD 




47. To divide a given angle (2a) into two parts whose 
cosines shall be in a given ratio. 

Let a-\-0 and a — ^ be the two parts required, and ^ the 

given ratio ; 

then 

cos(a + 0) n^ 
co8(a — ^) — co8(a + ^) _ w — n ^ 
cos(a — ^) -I- cos(a H- ^ ~ m + w ' 

or tanatan^ = ^^— ^ (Art. 36), 
m + n ^ 

tand = ^— ^cota, which determines 0. 
Hence a + and a — are known. 

Oeometrical Solution. 

(See fig. Art 46.) 

Make BAG equal to the given angle, and AEiAFin the 
given ratio. Draw ED perpendicular to AB^ and FD per- 
pendicular to AGy meeting in 2), and join AD; then BAD 
and DAG are the required parts; for 

AE A F 
coqBAD : cosDAG:: = 
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48. To divide a given angle (2a) into two parts whose 
sines shall be in a given ratio. 



Let a + and a — be the two parts required, and — the 

given ratio ; 

then?iH(?L±S = ^ 
sin(a — ^) n' 

8in(a + 0)" 8in(a — 0) m — n ^ 

sin(a + 0) + sm{a — 0)^ m -\- 

or cot a tan = ^ . ^ (Art. 36), 
m-\-n 

,\ tan d = ^^^ tan a, which determines ^. 

Hence a + and a — ^ are known. 

Geometrical Solution. 
(See fig. Art. 46.) 

Make the angle JED-F equal to the supplement of the given 
angle, and DEiDF in the given ratio. Draw EA perpen- 
dicular to DE^ and FA perpendicular to DF^ meeting in Ay 
and join AD] then BAD and DAC are the required 
angles; for BAG is equal to the given angle, and 

^mBAD : sin2>^ C::^:^=DE:DF. 

AD AD 
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CHAPTEE VI. 

PROPERTIES OF TRIANGLES. 

49. Let Ay By G denote the angles of anj triangle, and 
a, by the sides respectivelj opposite to them. 

When any three of these six quantities, except the three 
angles, are given, the remaining three can be determined, or 
the triangle can be constructed. 

This can be easily shewn Geometrically y but it is the object 
of the present chapter to shew it Trigonometrically by solving 
the following Problem. Given any three parts of a trtanglcy 
except the three angles, to find the remaining three partSy i. e. 
to solve the triangle. 

50. In a right-angled triangle either 
side is equal to the sine of the opposite angUy 
or cosine of the adjacent angUy multiplied 
into the hypotenuse. 

Let ABO be a triangle having a right 
angle at G ; then, by definition, 

sin-4 = cosjB=-, B 

sin-B = cos^ = -. 

c 

a = c sin-4 = c cos j5, 
J = csinB=cco8^. 
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51. In a right-angled triangle^ either side is equal to the 
tangent of the opposite angle^ or cotangent of the adjacent 
angle multiplied into the other side. 

(See fig. Art. 50.) 

Let (7=90°; tlien, by definition, 

tan-4 = cotB=Y> 



tanJ?=cot4=:-; 

a^ 

a = J tan^ = 6cot5, 
b = a tan5= a cot-4. 

52. In any triangle the sides are proportional to the sines 
of the opposite angles. 



(i) / 




V 


V 




a 



Let ABO be any triangle, and from A draw AD perpen- 
dicular to BC or BG produced. 

From the right-angled triangles ADB^ ADC we have 
AD = c sinjB, 
AD = h aiuA GD^h sin G, 

since in (1) angle AGD=Gy and in (2) ^CZ> = 180° - G. 

c sin (7 



.-. csinj5=5sin(7, 



b sinB 
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If (7=90°, we have (see fig. Art. 50) 

I . n c 1 sin (7 . • . 

b = csinJSy j = since sin G= sin 90 =1. 

Therefore in every case y = 

b smB 

c!* M 1 a sinA , a sin^ 
Similarly, - = p= and j- = 

Hence we have ^ * ^ 



sin^ sin£ sinC 



53, In every triangle any side is eqital to the sum of the 
prodiLCts obtained by multiplying each of the other sides into 
the cosine of the angle between it and the first side. 

From fig. (1) of Art. 52, we have 

a = AD + 2>(7 = c cos^ + J cos a 

From fig. (2) of Art. 52, 

a^BD-DG^c co&B- b cos(180"- 0) 
= ccosJ?+ftcos(7. 
Similarly, 6 = a cos (7+ c cos-4, 

c = i cosul + a cos J?. 

54. To express the cosine of an angle of a triangle in 
terms of the sides. 

See fig. (1) of Art. 52. 

Let ABO be a triangle, having the angle (7 acute ; then 
(Euclid II. 13) 

c« = a»-hy-2a.GZ); 
but Cj0 = ftcos(7, from the triangle ADGy 
.'. c' = a" + J'-2aftco8(7. 
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See fig. (2) of Art 52. 

Next, let (7 be obtuse; then (Euclid ii. 12) 
c" = a» + 6» + 2a.aD; 
but (72) = & co8(180°- (7) = - 6 cos from the triangle AD (7, 
= a' + J' — 2ab cos (7, which is the same as before. 
Lastly, let 

(7=90°; then cos (7= cos 90° = 0, and c"==a* + 6*-2aftcos(7 
reduces to = a' + i', which we know to be true (Euclid i. 47). 
Therefore in all cases we have 



COSC=: 

Similarly, cos-4 = 

cosJ?= 



2ab ' 
2b6 ' 
2cg ' 



*55. GUverij g = Jcos(74-cco8jB (1), 

6 = c cos-4 + g cosO (2), 

c = g cosj5 -I- b co&A (3), 

g* + J' — 

to dedtice cos (7= — and the two similar formulae. 

g (1) + J (2) - c (3) gives 

g" + 5' — = (g J cos (7 + ac cosB) + {be cos A + gi cos (7) 

- {ac coaB + be cos A] 

— 2ah cos (7, 

/. COSC; = ^r-T — . 

2gd 

Similarly the values of cosJ? and cos^ can be deduced. 

*56. Oiven, = = 7v> to deduce a = bcosG 
ainA smJj sm(7 

-\-ccosBj &c. 
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sin^ = 8in(180° — ^) = 8in{fi -h 0) = sin^ cos G + qxx&B sin G. 
sin^ ^ . ^ sin(7 
sin.B sinj5' 

but, by hypothesis, ^ = = p 

| = C0S(7+CDSJ?.|, 

a = ftco8(7+ccosjB. 



+ — 

*57. Oiven. cosA = ^ and the two similar ex- 

' 26c 

^ , , sin^ sioB sinC 
presstonsy to deduce ^ = — j— = 

sin'^ = 1 cosM = 1 - "^/.T 

2 g'y + 26 V + 2 c V - - y ~ 

sm^^ + V(2a'6'-h26VH-2cV-a^-6"-c*) 
a 2a6c 

The sign + is placed before the radical sign because A is 
less than 180", and therefore sin -4 is positive. 

From the values of cos5 and cos (7 we should obtain 

exactly the same values for and as the above value 

« sin-4 ^, « sin-4 sin J? sin G 
of ; therefore = — r— = . 



58. To express the sine, cosine^ and tangent of half an 
angle of a triangle in terms of the sides. 
Let 2s = a + J + c, 

.•. 2(s — a) = J + c — a, 
2(«-6)=c + a-6, 
2(« — c) = a + 6 — c. 
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By Art. (54) we have 

5«+c»-a» o «-(ft-c)' (a-&4c)(a+ft-c) 
.-. 1-008^ = 1 2br^- 253 

_ 2(a-&) (<-c) 
~ be ' 

+ (ft+c)'-o* _ (5+c+a) (ft+c-g) 

andl+C08^=l+ — gj^ - 2Jc 

_ 2a(a — o) 
~ ho ' 

Now l-coa4 = 2sm'i-4, and l + cofti4 = 2co8*i-4, 

(Art. 37) ; 

.-. 8ini^ = ^i ^ , 

and cos^A = fJ 

^, ^ . . sini^ n s-h){s-c) . M»-a) 
Al80tani^=^3^ = ^ /y/ > 



8[8 - a) 

The positive sign must be given to all the above radicals, 
since \A is less than 90% and therefore all its Trigonometrical 
Batios are positive. 

Cob. Hence sin^ = 2cosi^sini2l 

59. To inveatigcOe the three following formulae : 
tani(5-C)=|^^cotiA 

cosi(5-(7)=^sini^. ^ 
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We have ?!5^=-, 

sinJB— 8inC _ ft — c 
sinjB + sin 0"" 6 + 



• • tani(jB+ G) 

taiii(J?-a)=|^coti^ 

since tani(jB+ a) = tani(180''-^) = tan(90°-i^) =coti^. 

. . J sinJB , c sin (7 
AffaiH, - = — 7 and - = — j, 

h — c _BmB — sinC 
a sin^ ' 

, J + c sinJB+sinO 

and = z—i . 

a BmA 

^ sinJB- sing sinJB- 8ing _ 2co8j^(^+C)sin j^(JB-(7) 
5mZ sin(jB+ G) "2cosi(5+0)sini(jB+ C) 
^ Binj^(JB-C) 
cosi-4 ' 

, sinjB 4- sin g _ sin^ + sin (7 _ 2 sin j ( j? + C) cos ^ {B- C) 
miA ~ sin(J?+ G) 2sini(jB4- cf) cosi(J?+ C) 
^ cosj^(JB-(7) 
sin ^-4 ' 

&-c^ sin^(J3--(7 ) and^'^^^ ^^H^''^""^^ 
a cosi-4 a sin ^-4 

Therefore 

sin i( J? - (7) = cos ^.4 and cos \[B — (7) = sin \A. 



60. 7b /wrf the area of a triangle ^ (1) in terms of two 
sides and the included angUj (2) in terms of the three sidee^ (3) 
in terms of a side and the three angles. 



\ 
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Put 8 for the area of the triangle ABC. 
A 





Since a triangle is half the rectangle under its base and 
altitude (Euclid i. 41), we have 

but AD = b8\nC, 

fl^=iaJsin(7 (1) 

By Art. (58), sinC=^VW«-«) («-*) («-«)}, 



b _ sinJB 
" sin J.' 



sinB 



.(2) 



a sin^' sin^' 
Substituting this value of b in (1), we have 
^* . ^ sin J? a'sinSsinO 
^ sin-4 



2sin^ 



.(3). 



61. To find the radius 
(R) of ihe^ circle^^ described 
about the triangle ABC. 

Draw the diameter 
and join BD ; then the angle 
ABD in a semicircle is a B 
right angle, and the angle 
ABD equal to C. 

From the right-angled tri- 
angle ADB we have 
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that is, c = 25 sin O ; 

7?— ^ — ^ — ^ M\ 

28lna~2sO"2sm3 ^ 
smA=^ (Art. 58), 

By (3) of the last Article, 

^= ^ . g ^ . 2sin-4 siiLBsin(7, 

^= 2.ff sin^ sinJ?sinC (3), 

by substituting from (1). 

62. To find the radius (r) of the circle inscribed in the 
triangle ABC. 

A 




Let be the centre of the inscribed circle, i), E, F its 
points of contact with the sides of the triangle ; then 

triangle 5(3(7= \BC. OD^\ar^ 

triangle CO A ^^GA. 0E= ^Jr, 

triangle A 0B=^ \AB. OF^ \ct ; 
therefore, by addition, 

triangle ABG =^8^\(a,-\'l-\-c)r^ sr, 

8 



r = — 

8 



.(1). 
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Again, BI) = DOcotOBD = rcot^B (See Euclid iv. 4), 
2)a= 2)0 cotOOZ) = r cot^a; 

_ cos ^B sin ^ (7 + sin ^B cos ^ 
" * sin^jBsini(7 

' sin^iSsin^O 
_ cosj^^ ^ 
"^'sini-Bsin^C 



_ sin^Jg sin ^(7 
" ' COS^jd 



.(2). 



63. To find the radius (r J of the circle escribed to the 
aide a of the triangle ABC. 

A circle is said to be escribed to a side of a triangle when 
it touches that side and the other two sides produced. 

Let be the centre of the escribed circle which touches 




BG in JD and the other two sides produced in H and jF; 
then quadrilateral ABOC^ d.AOB+ aAOG 

also quadrilateral ABOG= A ABG+ a BOG 

= S+^ar,; 
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or rj(s — a) = ^, 
8 

r = . 

* 8 — a 

8 8 

Similarly, rj = 7 and r^ — , 



where are the radii of the circles escribed to the sides 
b and c respectively. 

64. In the figure of Art. (63) it is clear that the angle 
05i> = 90°-i5and OCZ> = 90°-i(7, 

BB = cot(90° - ^B) = tan . 
and CZ> = r^cot(90°-J(7) = r,tani(7; 
.-. J?2)+GZ> = a = r,(tanJ54-tanJ(7) 

_ sin cos ^ (7 + cos ^B sin ^ (7 

"~ cosJjBcos^O 

sin^(^+C) 

^'cos^jBcos^C 

_ cos^^ 

~ ^'cos^JScosJC 

_ cos^5cosJ(7 

* cos^J. 

c,. , , cosl(7cosA-4 

Similarly, r. = 5. , 

— COS^^ COS^jB 

cos^a • 

65. Toprove rj + r^ + rj — r = 45. 

We have r +r =— ^ + — ^= , ^ --(^s-b + 8-a) 
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and 



8 S 



8 



(a — 5 + c) = 



8c 



8c 



r, + r, + r,-r = ^^^_^^^^^^^^^_^^ {,(,^c) + (.-a) (.-ft)} 



= J{2.«-a(a + J + c)+aft}=^ = 4i?, 



(Art. 61). Q.E.D. 



*66. Let jPj, be the perpendiculars from the centre 

of the circumscribed circle of the triangle ABC on the sides 
a, J, c respectively, and j^, jj, the parts of these perpen- 
diculars produced between the sides and circumscribed circle ; 
then (fig. Art. 61) q^^MCtsLnMCN^^atSLn^Aj and 
r = AEtsiTi OAE=^ («-a) tan^^ = («-*) tani5= («-c) tan^ C, 

(see fig. Art. 62) 
r, = AEtsin OAE= s tan J^. (See fig. Art. 63.) 

Similarly, rj = «tanJ5 and r^ = 8isin^G; 

.•. r^ — r = 5tanjj4 — (5 — a) tanJ-4 =atanj^, 

.-. 22'j = rj-r, and 2^^ = 2jB - 2^^ = 2jB H- r - r^, with 
similar expressions for 2jp, and 2p^. 

Similarly, 2q^ = — r, and 2q^ = — r ; 

2(2, + 2, + 23)=r, + r, + r3-3r = 4jB-2r, by Art. (65), 
2i + 2a + 28 = 2^-^> and 

• Pi+P,-^l>s='^^- (2i + ?a + Ss) = ^ + 



*67. If 2), Dg, Dg ^® ^'^^ distances of the centre of the 
circumscribed circle of the triangle ABC from the centres of 
the four circles touching the sides and sides produced, then 

D» =iZ«-2i2r, 

2),« = i?H-2iZr„ 

i?/ = i?H-2ii!r„ 

2>3" = ^ + 2.Br3. 



56 



PLANE TRiaONOMETRY. 



[68. 



These formulae may be proved by help of the results 

siniJ?sini(7 , cosiJBcosiC 

r = a . — - — , and = a . ^ — ni — 

COQ^A * cos ^-4 

deduced in Arts. (62) and (64) ; but for simpler proofs, the 
reader is referred to " M'Dowell's Exercises on Euclid and in 
Modem Geometry," No. 97, page 80. 

*68. To prove that the distance (SJ between the centre 
of the inscribed circle of the triangle ABC and the centre of 
the circle escribed to the side a is a sec ^ A. 

In the fig. of Art. 63, AE=^Sy and if the inscribed circle 
touch ^ C in E\ then AE'=^s - a, EE^ s- {s'-a)=^a. 
Now E'E=B^cosOAE, 
that is, a = S^cos^Aj 8j = asec^j4. 
Similarly, 8j = Jsec^jB, 
and 83 = 0. sec^ (7. 
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♦CHAPTEE VII. 

SOLUTION OP TRIANGLES. 

69. The student is supposed to be already acquainted 
with the nature and use of logarithms," from the Algebra. 

In most books of Mathematical Tables are registered the 
values of the sines and cosines of all angles from 0° to dO"" 
at intervals of 1'. These are called Natural Sines and 
Natural Cosines respectively. The logarithms of the Trigo- 
nometrical Ratios are increased by 10, in order to avoid 
negative characteristics. 

These increased values are called the Tabular Logarithmic 
Sines, Cosines, Tangents, Cotangents, Secants, and Cosecants, 
and are registered in most Tables for all angles from 0"" to 
90** at intervals of 1'. 

The Tabular Logarithms are usually denoted by i, and 
the ordinary ones by log ; thus we have the relations 
log sin^ = L %mA — 10, log tan-4 = L tan-4 — 10, and so on. 

The mode of using the Tables is explained fully in every 
collection of Tables. 

It should be noted that in the first quadrant, the sine, 
tangent, secant, Zrsin, Zrtan and Zrsec increase as the angle 
increases, and the cosine, cotangent, cosecant, icos, Zcot, 
and i^cosec decrease as the angle increctses. 

70. When an angle of a triangle is determined from its 

1 
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sine or coaecantj since there are two angles each less than ISO"", 
which have the given sine or cosecant, it mat/ be doubtfiil 
which of those angles is to be taken, or both may answer the 
conditions of the problem ; but when an angle of a triangle is 
determined from its cosine, tangent, cotangent or secant, no 
ambiguity can exist respecting it, since there is only one 
angle less than 180°, which has a given cosine, tangent, 
cotangent or secant. 

RIGHT-ANGLED TRIANGLES. 

71. Given the hypotenuse (c) and an acute angle (A), to 
solve the triangle. 

A 




a = c smAy ,\ loga = logc + log sin^ = logc + L sinA — 10, 
b = c cosAj .*. log J = logc + log cos^ = logc + L cos-4 — 10. 
These formulae determine jB, a, and b, 

72. Given the hypotenme (c) and a side (a), to solve the 
triangle. 

a = csin-4, /. loga = logc + isin-4 — 10, 
.•. j&8in^ = 10 H- loga — logc, 
which determines -4, and then S= 90° — A. 

How b = c coaA gives log J = logc + L cosA — 10, 
or, thus, V = c^ — a^=={c-'a) {c + a), 

.'. 2 log J = log(c - a) H- log(c + a). 
Either of these two formulae determines b. 
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In the above, though A is determined from its ainej there 
is no ambiguity, since the acute value must be taken in 
a Tight-angled triangle, 

73. Given a side (a) and an acute angle (A), to solve the 
triangle. 

a = c sin^, .•. loga = logc + isin-4 — 10, 
.•. logo = 10 + loga — i sin-4, 
6 = acot-4, /. logJ = loga + icot^ — 10. 

The above formulae determine B, c, b. 

74. Given the two sides (a and b], to solve the triangle. 

tan-4 = ^, iitan-4 — 10 = loga — logj, 

.•. itan^ = 10H-loga-logJ, and .'.5=90°-^. 
a = c8in-4, .•. loga = logo + i sin^d — 10, 
.*. logc = 10 + loga — isin-4; 
or c — \l[c? + b^), but this value of c cannot be directly 
computed by logarithms. 

The above formulae determine B^c. 



OBLIQUE-ANGLED TRIANGLES. 

75. Case i. Given two angles (A and B) and a side 
(a), to solve the triangle. 
.\ C=180"-(^ + jB), 
sin.^? 

*~^8m3^ /. logJ — logaH-isinjB— j&sin-4, 
c = a^|^, logc = loga + ii8in(7— isin^. 
The above formulae determine (7, J, c. 
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76. Case ii. CUven two sides (b and c) and the included 
angle (A), to solve the triangle. 

Here we have (Art. 59.) 

tani(jB-(7) = ^coti^, 
8in^(ji5— G) = -—- co8'i-4, 

003^(5- (7) =^8ini^; 

L tani(jB- G)=L cot^A + log(J - c) - log(J + c), 
loga = i cos + \og{b — c)—L sin \[B— (7), 
loga = L ^m\A + log(J + c) — i cos4(jB— (7). 
The first formula will determine \[B—C)\ then, since 
\{B+G) = 90" — is known, B and (7 will become known. 
The second or third formula will now determine a ; 
or a may be found thus, 

^ = ^1^, .'. loga = logJ + i8in-4 — isin^; 

but it is generally preferable to find a from either of the other 
two formulae, as only two new logarithms are required, 
whereas this last method requires three new logarithms. 

77. Case hi. Given two sides (a and b), and an angle 
(A) opposite to one of them, to solve the triangle. 

sinS = -8in^, 
a ' 

.\ L sinB= L qvhA + logJ — log a. 

This formula determines two supplemental values for B. 

When the given angle A is right or obtuse, the acute 
value of B must be taken ; also when h is less than a, then 
B is less than -4, and therefore B must be acute. When 
a = Jsin-4, then sin5= 1, and therefore JB=90°. 
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Therefore in all these cases there is only one solution. 

When a is less than b &mAy then sinJ? is greater than 1^ 
and a solution is therefore impossible. 

When A is acute and a less than by then B is greater than 
Aj and B may therefore be obtuse; hence there are two 
solutions in this case, provided that b sinA be leas than a. 

The solution may now be completed by Case i. 

The above results may also be deduced from the Greo- 
metrical Construction, thus, 

Draw AC=^bj the indefinite straight line AE making the 
angle CAE— A^ and GD perpendicular to AE. 




From the centre C at a distance = a describe a circle 
which will generally cut AE in the two points B and B. 

When B, B are on the same side of ^ as in fig. (1), it is 
clear that there are two triangles with the given data, viz. 
ABO and ABG^ having their angles ABO and ABO 
supplemental. 

In this case a is obviously less than b and A acute. 
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When B and B are on diflferent sides of -4, as in fig. (2), 
there is only one triangle ABG with the given data. In this 
case a is clearly greater than &, and therefore A may be either 
acute, right, or obtuse, but B must be acute. 

Therefore when the side opposite the given angle is less 
than the other given side, there are generally two solutions ; 
and when it is greater than the other side, there is only one 
solution. 

When the side opposite the given angle = C!Z>, that is, 
when a = J sin^, then the two points B and S coincide with 
Dj the circle touches AE in 2>, and there is only one solution. 

If the circle do not meet AE, or a be less than CD, there 
is no solution. 

Case hi. is generally called the Ambiguous Case, 

78. When there are two solutions in Case iii., if a, 6, c 
and A J By C be the sides and angles of one triangle, a, c' 
and Aj B\ C the corresponding sides and angles of the 
other, then we may find c', Bj G' in terms of a,. J, c, -4, -B, C7, 
thus, 

5' = 180°-5, 
and C'-G^^B^B^B^ (ISO" - 5) = 2S - 180°, 
a' = 2jB+(7-180°. 
Also c = J cos^ + a cos-B, 

c' = J cos^ + a coqB = b cosA — a cosJ?; 
.-. cc' = b'coB'A-^a' co8"5= 6» - a»- V sin^AW sin"^=6*-a". 



c^^sin(7^^ Bin(2J?+ C-180") 
a sinA sin^ 

,^ asin(2J?+ (7-180 °) 
sin-4 
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79. Case iv. CRven the three sides, to solve the triangle. 
Here we have 

L sin 1^ = 10 + ^{log(« — 6) + log(« — c) — log J — logc} ; 
L 008^-4 = 10 + i{log« + log (a — a) — log 6 — logc} ; 



L tan^A = 10 + i{log(« - J) +log(5 - c) -log*- log(5-a)}, 
with similar formulae for the other half angles. 
We may also solve this case thus : 

Suppose BG or a the greater side, and draw AD perpen- 

A 



B 



(4) / 




V 


V 



dicular to BC] thus the angles B and C are both acvie^ and 
BIT^ GI^^^--h\ or (52)~ Ci?)(52)+ GD) = J)(c-f J), 

.-. 52> - 00= ^^""^^j^"^^^ = suppose, 
.'. = ^ 1^ ^ aiid CZ) = ^^r-^ are known. 

We have now the hypotenuse and a side in each of the 
two right-angled triangles ABD and A CD, and we can there- 
fore find the angles by Art. (72). 

I will now add the solutions of a few Examples to illus- 
trate the use of the preceding formulae. 
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80. Case I. Given ^ = 57° 17' 20", 5= 102° 13', and 
a = 97 yards ; find 0, J, and c. 

Here 

(7 = 180°- + 5) = 180°- (57° 17'20"+ 102° 13') =20°29'40", 
log I = log a + i sinjB — L sin^, 
logc = loga + jL sin (7— i sin^ . 
To find L mi A we take from the Tables 
2: sin 57° 18' = 9-9250597) ^ 



but as the difference 812 stands in the Tables opposite 
jL sin 57° 17' in the column marked i>, it was unnecessary 
to take out i sin 57° 18', and this superfluous work will, in 
future, be avoided. 

Now A exceeds 57° 17' by 20". 

Therefore as 60" : 20":: -0000811 : required difference for 
20", = -0000270 nearly. 

We must add this difference to i sin 57° 17', since the 
L sine increases as the angle increases ; 



L BAiiA = L sin 57° 17' 20" = 9-9250056. 

To find i sin O, 

L sin 20° 29' = 9-5439873, difference for 60"=3380 
2253 = difference for 40", 

/. iisin (7= 2:sin20°29' 40"= 9-5442126. 
Also 

L sin5= L sin 102° 13' = L sin{180° - 102° 13') L sin 77° 47'. 




•0000811= difference for 1' or 60"; 



9-9249786 
270 
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Hence we may arrange the solution as follows : 
loga := log97 = 1.9867717) , , 
2:8inJB=i8in77°47' = 9'9900521J ' 

11-97682381 , 
L ?imA = L sin 57° 17' 20" = 9-9250056j ^^^^^> 

log J = log 112-67257 = 2-0518182. 

loga = log97 = 1-98677171 , 
2:8ina=i sin20° 29' 40" = 9-5442126) ^ ^ 

11-53098431 , 
L BmA = L sin 57° 17' 20" = 9-9250056] 

logc = log40-36256 = 1-6059787. 
In finding h we proceed thus. 

The nearest mantissa in the Tables to logJ is -0518088, 
opposite to which we find the number 11267 and the dif- 
ference 385. 

No. Mantissae D. 

-0518182 

11267 -0518083 385 



99. 

Therefore as 385 : 99 : : 1 : -257, the figures to be placed 
after 11267, 

therefore J = 112-67257. 

b must have three figures before the decimal point because 
the characteristic of its logarithm is 2. 

The process for finding o is exactly the same as that for 
finding b. 

We might have found j&sinw4 — loga, and then subtracted 
the result from isinjB and LmiC successively, to find log J 
and logc. This would have been more concise than the above 
process. 

^n^.— C=20°29'40", 6 = 112-67257, and c = 40-36256. 

K 
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81. Case u. Oivm b^^lS, c = 55, and A = 84"" 16' 24" ; 
Jind JB, (7, and a. 
We have 

L tani(-B-. (7) = cot i J + log(i - c) - log(6 + c) 
= 2: cot42° 8' 12" + logl8 - logl28 ; 
L cot42' 8' = 10-0435306, 2539 = difference for 60", 
X 2539 = 508 = difference for 12". 

508 must be subtracted from Zcot42'*8', since icot de- 
creases as the angle increases, 

10- 04353061 ^ 
508/'^^*"^*' 

.-. L cot42° 8' 12" = 10-0434798) 
logl8= 1-2552725) 

11- 2987523) . 
logl28= 2'1072100} 

.-. Ztani(5-a)= 9-1915423 

L tan8° 50' = 9-1914621, 8318 = difference for 60". 
As 8318~1 802 : : 60" : 6" nearly, 
therefore i(5 - (7) = 8^ 50' 6", 

and ^{B+ G) = 90° - i^l = 47° 51' 48"; 

therefore B = 56" 41' 54", 

and 0= 39° 1' 42". 

Also loga = logj 4- L wiA - L sinJB 

= log73 + sin 84° 16' 24" - L sin56° 41' 54", 
log73 = 1-8633229) 
L sin 84° 16' 24" = 9-9094554j ^ ^ 

11-7727783) , 
i sin 56° 41' 54" = 9-9220980J 

loga = 1-8506803. 
a =c 70-90556. 
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If a had been found from either the second or third formnia 
in Art. (76), only two new logarithms would have been neces- 
sary : we have used three in the above. 

^fw.— J? = 56° 41' 54", (7=39M'42", and a = 70-90556. 



82. Case hi. Given a=97, b = 100, and ^4=57° 17'20" ; 
find j5, Cf and c. 

Here a is greater than bsinA (but this will appear as we 
proceed with the solution from LsinB being less than 10), 
but less than bf and A is acute^ therefore there are two 
triangles with the given data. 

L sin J? = L sinA + log J — logo 

= L sin 57° 17' 20" + log 100 - log97 ; 
L sin 57° 17' 20" = 9-9250056] , , 
loglOO=^; } 

11'9250056) ,^ ^ 
log97 = 1-9867717 1 

isinJB= 9-9382339; 

-B=60°9'40", or 180° -60"* 9' 40" = 119° 50' 20", 

.-. 0= 180° - (57° 17' 20" + 60° 9' 40") = 62° 33', 

or (7= 180° - (57° 17' 20" +119° 50' 20") = 2° 52' 20". 

In the two triangles therefore we now know. 



(1) 



o = 97, 
J = 100, 
^ = 57° 17' 20", 
J?=60° 9' 40", 
0=62° 33'. 



(2) 



a = 97, 
J = 100, 
u4 = 57°17'20", 
J? =119° 50' 20", 
(7=2° 52' 20". 



In both cases the remaining part c may be found from the 
formula 

logc = loga + i sin (7— i sin-4. (See Case i.) 



68 PLANE TRIGONOMETRY. [83. 

83. Case iv. Oivm a-G^jb=^ 40, and c = 32 ; Jind the 
angles. 

Here 2^ = 66 + 40 + 32 = 138, 

therefore « = 69, 

5 — a = 3, 

«-J = 29, 

«-c = 37. 

L tsLU^A = 10 + i{log(« — J) + log(s c) — logs — log(5 — a)} 

= i(20 + log29 + log 37 - log69 - log 3), 
L tan JjB = 10 + ^{log{s - a) + log(5 - c) - log* - log(« - b)} 

=: i(20 + log3 + log37 - log69 - log29), 
i tan^a = 4(20 + logs + log29 - log69 - log37) 
20 + log29 = 21-4623980) log 69 = 1-8388491) 

log 37 = 1-5682017J log3 = 0-4771213] 



23-0305997 
2-3159704 

2^20-7146293 



^ 2-3159704 
subtract, 



itanj^ = 10-3573146 
L tan 66° 17' = 10*3572227, 3430 = difference for 60". 

As 3430 : 919 : : 60" : 16", 
.-. = 66° 17' 16", and A = 132° 34' 32". 

20 + log3 = 20-4771213) log69 = 1-8388491) 

log37 = 1-5682017] ' log29 = 1-4623980] 



22-0453230' 
3-3012471 



^ 3-3012471 
• subtract. 



2^18-7440759 

itaniJB= 9-3720379 
i tan 13° 15'= 9-3719333, 5659 = difference for 60". 

As 5659 : 1046 :: 60": 11", 
therefore ^5= 13° 15' 11", 

therefore 26° 30' 22". 
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20 -f logs = 20-47712131 , , log69 = 1-83884911 , , 
log29 = 1-4623980J ' log37 == 1'5682017J ^ 

21-9395193] , ^ , 3*4070508 
3-4070508 } 

2^18-5324685 

LtSLX\^C= 9-2662342 
L tan 10°27' = 9-2658470, 7077 = difference for 60". 

As 7077 : 3872:: 60": 33", 
therefore J 0= 10° 27' 33", 

therefore (7= 20° 55' 6". 

Now A + B+ (7=132° 34' 32" + 26^ 30' 22" + 20° 55' 6" = 180°. 

We have calculated all the angles for the purpose of 
Terifying the work by taking the sum of the three angles. 
This gum ought to be very nearly = 180° when the work is 
correct and the Tables accurate. We say very nearly, be- 
cause we have only computed the angles to the nearest 
second. 

Of course when the correct values of two angles have been 
obtained, the other angle can be found by taking the sum of 
the two from 180°. 

Note i. I will add here one or two propositions which 
are often useful in the solution of problems. 

(1) If ^ be the circular measure of a positive angle less 

than 90°, prove that aind, 6 and tan^ are in ascending order 

of magnitude, and hence shew that when 6 is indefinitely 

sin ^ ^ tan^ ^ 
dimmisned — g— = 1, —q- = 1. 

Let A meet the circumference in P, join PE and draw 
PJf perpendicular to OEj and let 6 equal circular measure of 

the angle PO^^; then5^^=^, .-. Kr^PE^rO. 
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Also A OPE^ sector POE^ and AuilOJS are in ascending 

A 




D 

order of magnitude, that is, ^OE.PMj iOE. e^rc PE^ and 
^OE.AE^ (see Art. 4), 

or Jr'sin^, Jr^^, and Jr'tan^ are in ascending order of 
magnitude, 

therefore sind, and tand, 







and also 1, and are in ascending order of mag- 
nitude ; but when is diminished indefinitely and ultimately 
vanishes, cosd= 1, 

^^l*™»*®^y = ^ ^^^^ ^ = and ^==1, 

tan^ sind 1 t a 
/. —2- = — 5-. — 3=1; when^=:0. 

COS0 ' 



(2) cos^ = l-2sin»i^, which is <l-2(id)», when 0< 



2' 



TT 



cos^ < 1 — 4^, when ^ is < 
Note ii. — The following neat proofs of the formulae 

were communicated to me by W. H. Besant, Esq., MA., 
formerly Fellow of St. John's College, too late for insertion 
in the text. 
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Draw LEF perpendicular to 0(7 and FH to OX] then 















(^) / 

















O H L 

from the similar triangles FHL^ GOH, 

FH-.FL.-.OH'.OG, ^=^. 

Therefore tan(^ + £) = g= ^ = ^±|| 

OE'^OF 



^ FE- OE 

taxiA — ixaB 
1 — tan^ tan^' 
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e/ 


G 
















1 







And 



♦—/J v\ FL LE-EF 

LE EF 
OE OE 



FE' OE 

issLA — ixaB 
T+tanZtaoB* 



I 
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EXAMPLES ON CHAPTER I., Page 1. 

1. Eeduce 29° 12' 18" to grades. 

2. Reduce 37^^ 14' 39'' to degrees. 

3. Reduce one sexagesimal minute to centesimal seconds. 

4. Express the angles in Examples 1 and 2 in circular 
measure. 

5. Find the number of degrees in an angle whose circular 
measure is f . 

6. The radius of a circle is 14 feet ; find its circumference 
and area, having given ir= 

7. The radius of a circle is 25 feet, and the angle of a 
sector of it has } for its circular measure ; find the area of 
the sector. 

8. The numbers of the sides of two regular polygons are 
as 1 : 2, and the number of grades in all the interior angles 
of the one is to the number of degrees in all the interior 
angles of the other as 5 : 12 ; find the number of the sides 
of each polygon. 

9. What is the Trigonometrical notion of an angle? 
Explain the difierent systems that are usually adopted for 
the measurement of angles, and compare the values of the 
units of measurement. 

Shew that there are eleven and only eleven pairs of 
regular polygons, which are such that the number of degrees 
in an angle of one of them is equal to the number of grades 
in an angle of the other, and that there are only four pairs 
where these angles are expressed as integers. 
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Examples on Chapter IT., Page 7. 

1. Given sin a = |, cos/8 = |f , tan7 = — 2, and secS=2 . 6 ; 
find all the other Trigonometrical Batios of these four angles. 

2. Given 8ind = o; find all the other Trigonometrical 
Batios of 6. 

3. Given co8^ = a, tan^ = ^, and sec -^ = 0; find all the 
other Trigonometrical Batios of 6^ and 

4. Express the Trigonometrical Batios of the following 
angles by means of the Trigonometrical Batios of positive 
angles less than 90^: 

330% 590% -370% and 1866°. 

5. Obtain solutions of the following equations : 

(1) cos»^ = fsin^, (3) cos*^-.2sind + i = 0, 

(2) tan^ = 28in^, (4) 5sec*^-8sec'^-48 = 0. 

6. Trace the changes in sin^ — cos^ and in sin*^ — cos*^ 
as 6 varies from to 27r. 

7. Discuss the equation sec*^ = t-^ttt^. 

^ (a + 6) 

♦ Examples on Chapter III., Page 20. 

1. Given cos^ = f and tan^ = f ; construct the angles 
6 and ^ geometrically. 

2. Write down the general values of d in the following 
equations : 

(1) tan^ = l, (4) sind = -J, 

(2) sin^ = l, (5) co8'^ = 8in*a, j 

(3) C08^=l, I 

having given tan j = 1, sin ^ = 1, cos = 1 , and sin ^ = i- j 

i 
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3. Investigate a general formula for all angles the sines 
of which are equal to the sine of a. 

Find the general value of an angle such that its cosine 
is to its tangent as 3 to 2. 

Examples on Chaptees IV. and V., Pp. 24, 35. 

Prove the three following equations : 
- cos^--cos3-4 



sin-4 + sin 3-4 



s tanA. 



2 — 2C083.4 + C0S5.4 _ ^ ^^^tj^ 3^ 

sin-4 + 2 sin 3-4 + sin 5 A 

3. tan(45° 4- ^) - (tan 45° - A) = 2tan2^. 

4. Beduce to its simplest value 

cos + cos "0^ + COS ^ 

5. Beduce to its simplest form the expression 

2 cos*^ + cos"2^ - 2 cos*^ cos 20. 

6. Simplify the expression 

cos*^ + cos*^ + co8*(^ + ^) — 2 cos ^ cos ^ cos(^ + <f>). 

7. Prove that 

itan f 4- i tan 7 = Jcot 7 — cotd. 

2 4 4 * 

Hence prove that, being the circular measure of an angle, 

1 
cot^ + Jtan - -f Jtan - + = g. (See Note L, page 69.) 

8. Given sin^ + cos^=^; find ft 

9. Given tan^|-^)+tan ^^ + ^^ = 4; find 0. 

10. Given sin210° = - i ; find sin 105° and cos 105°. 

11. Given tan30° = ; find tan 165°. 

v3 
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12. Given tan = 2 - \/3 ; find sin^. 

1«3. Solve the equations : 
(1) (1 + sin^) (1 - 2sm0y = (1 - cosa) (1+2 cosa)'. 
. . sin g cosQS + 0) _ tan^ 
^ ' sinyS cos(a + ^ ~ tana ' 
(3) If tanMtan^' = tan»jBtan^ = tan»(7tan(7' 

= tan^ tanJ? tan G. 
and cosec 2 A 4- cosec 2B + cosec 2 (7 = 0, 

then will tan(^ - A') = tan (jB - J5') = tan( (7- O'). 

14. Prove by a Geometrical construction, that 

a. / ji n\ tmA — tan^ 

and deduce the expansion of cos(^ — B) from this formula. 

15. If a 4- /8 + 7 = prove that 



cosa + cos y8 + C0S7 = 4cos - 1^ cos ^ cos - 
and 

sin a + sin/8 + sin7 - 1 = 4sin - 1^ sin - ^ sin - 1)- 

16. Prove the following formulae : 

J. I A T>\ tan-4 — tan£ 

C08-4 — cosjB = 2sin ^ ^ sin ; 
J 1— tania . tir a\ 

If a + /8 + 7 = ^, prove that 

fl-tanlVl-tanl^fl-tan^) . , • • 

V 2A 2/V 2/ _ sm g + sm j8 + siny — 1 

^l + tan-jl^l + tan^j^l + tanlj 
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If an angle be divided into two equal parts and also into 
two unequal parts^ the rectangle of the sines of the unequal 
parts, together with the square of the sine of the angle be- 
tween the dividing lines, is equal to the square of the sine of 
half the angle. 

17. Investigate the different values of cos^ for positive 
integral values of n. 

Shew that 

IT 2'7r Stt 4'7r bir Btt lir 

cos — cos 7T — cos — COS COS — COS — = 
15 10 10 lo 15 15 15 

18. Find the value of d so that 

sec^, sec^^4-^^, sec^y^ — 

may be in Arithmetical progression, and calculate the com- 
mon difference. 



Examples on Chapter VI., Page 44. 

1. In any triangle ABCj prove that 

sin^ 4-sinJ? + sin(7=4cosi-4 cos^ScosJO, 
and sin5 + sin (7 — sin /I. = 4 cos \A sin \B sin \ C. 

2. Prove 8 = f cos cos \B cos \ C. 

3. Prove 25 + 2r = acotu4 + 6cotB+ccot(7, 
and a cos-4 + i cos J + c cos (7 = 4fl sin-4 sinjBsin C. 

4. Prove r = 4B sin \A sin J5 sin ^ t?, 

and - H h — 

r, r 

6. Perpendiculars are drawn from the angles Ay jB, G of 
a triangle to the opposite sides and produced to meet the 
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circumscribed circle ; if a, 7 be these produced parts, prove 
that 

- + 1+ - = 2 tanuil tan^tana 

6. If r be the radius of the circle inscribed in the triangle 
ABC J and r„, r„ r^, the radii of the circles inscribed between 
this circle and the sides containing the angles Aj By G re- 
spectively ; prove that 

1 — sini-4 ^ iir — A ^ir + A 
^a = ^« r"; — r-f-r = r. tan' — - — = rcof — -i — , 

and hence shew that ^{rj-^) + ^[r^^ + V(»'cO = ^« 

7. If A be area of the inscribed circle of a triangle, 
A^j A^j A^ the areas of the three escribed circles, prove that 

J-4.J--4.J---L 

8. Prove that sin-4 4- sinjB + sin (7 = -g, 
and sinS + sin — sin-4 = -^g- • 

9. If p be the perpendicular from A on a, prove that 

_ a asmBsmC 
-^""cotjB+cotC"" sin-4 

T> r> acos-44-ScosJB4-ccos(7 

10. Prove B = - » ^ . ■ op . ■ o/y • 

sin2^ + sm2jB4- sm 2 G 

11. In any triangle ABGj prove that 

a' + 6" - 2aJ co8(60° + 0) = + - 26c cos(60° + A) 
= d" + a' - 2ca co8(60° + jB). 

12. Investigate an expression for the cosine of the angle 
of a triangle in terms of its sides. 

The sides of a given triangle are h, Cj and the angles 
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fiyj] prove that, if a point be taken within an equilateral 
triangle, whose distances from its angles are proportional to 
a, b, Cj the angles between these distances will be 

l + a, I + 1 + 7, respectively. 

13. Investigate expressions for the radii of the circles 
that touch the sides of a given triangle. 

If the circle which touches the sides AB^ AC produced 
touch BC at Py prove that, with the usual notation, 
a(«" - AF^ = 4«(« - J) (5 - c). 

14. If the sides of a triangle be in arithmetical pro- 
gression, the cotangents of its semiangles shall also be in 
arithmetical progression. 

16. If the points of contact of the four circles tourfiing 
the sides of a triangle ABC be joined, and the area of the 
four triangles thus formed be denoted by a, a^, a„ a^; 
prove that 

rS 

A = ^f^{amA + sinJ?+ sin (7) = ^ = ^t^coa^A cosJ-BcosJC, 

r 8 

Aj= Jrj'(sin-B+ sin C — sinA) = ^ = 2r^co9^A sin^^sin J (7, 

with two similar expressions for a, and Aj. 
Hence prove that A^-f A^^-f- Ag — a =25. 

16. is the centre of the inscribed circle of a triangle 
ABC; Oj, 0,, are the centres of the escribed circles; r is 
the radius of the inscribed circle : shew that 

r\ 00,. 00^, 00,= 0A\ Off. 0C\ 

17. lAtpyp\p" be the perpendiculars dropped from the 
centre of the circle circumscribing a triangle, on the sides, 
and R the radius of the circle ; prove that 

iP _ (p« ^^^^ p"^)E - 2ppy = 0. (See Art. 40.) 
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Examples on Chapter VII., Page 57. 

1. Having given the sides a, J, and the angle A of 
a triangle, shew how to find the other parts; and discuss 
thoroughly the ambiguity that occurs. 

Ex. a = V3-l, J = V3H-1, ^ = 15°. 

2. The two sides of a triangle are 25 and 29, and the 
cosine of the angle opposite the latter is f ; required the third 
side. 

3. Shew how to solve a triangle when two sides and 
the included angle are given. 

Ex. Suppose the sides to be 10 and 20 and the included 
angle 60°. 

4. Given a = 50, c=80, (7=90°; solve the triangle. 

5. Given a = 60, J = 80, (7 = 90° ; solve the triangle. 

6. Given a = 60, J = 80, (7= 50° 25' 30"; solve the 
triangle. 

7. Given a =100, J = 80, ^ = 100"; solve the triangle. 

8. Given a = 60, J = 80, A — 45° ; solve the triangle. 

9. Given a = 80, J?=55°24', (7= 30° 36'; solve the 
triangle. 

10. Given a = 80, J = 60, c = 120 ; solve the triangle and 
find its area. 

11. Find jB, r, and of the triangles in Examples 5, 7, 
and 10. 

12. Solve Example 10 by dividing the triangle into two 
right-angled triangles. (See Art. 79.) 
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AN8WEE8. 
CHAPTER I. 

1. 329 4:5\ 2. 33° 26' 46"-236. 3. 185''-i85. 

4. -50972, -58345. 6. 71°-61972439. 

6. Circumference = 88 feet, Area = 616 square feet. 

7. 234-375 square feet. 8. 5, 10. 
9. The numbers of the sides of the pairs are 

19, 342; 18, 162; 17, 102; 16, 72; 15, 54; 14, 42; 
12, 27; 11, 22; 10, 18; 8, 12; 5, 6; 
and the pairs with integer angles are 
16, 72, with angles 175^^, 175°; 
10, 18, with angles 160^^, 160°; 
8, 12, with angles 150^^, 150°; 
5, 6, with angles 120^^, 120°. 

CHAPTER II. 

1. cosa=±f, 8inyS= + ^, 8ec7 = + V5, cos7= + 4^, 

v5 

2 

sin7= + — , tanS= + 2.4, cosS^^^^, sinS= + |f. 

2. co8^=± V(l-a»), tang=+ ^ , &c. 

3. 8in^=±V(l-a*), tm0 = ^^^^^—^, 

Of 

sin^ = M^i:i), tanV^=f V(a'-l). 

M 
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4. sin 330°= -sin 30% cos 330°= cos 30% sin 590°= -sin 50% 
cos 590° = - cos 50°, sin(- 370°) = - sin 10°, cos(- 370°) = 
cos 10°, sin 1866° = sin 66°, cos 1866 = cos66°, 

5. (1) 8ine = i, (2) sine = and cos5 = i, 

(3) sine = i, (4) cose=±J. 

7. Impossible unless a = J. 

CHAPTER III. 
2. (1) e = n7r + ^, (2) « = n7r+ (- 1)"|, (3) 0=^2nir. 

(4) e = n7r-(l)\5, (5) ^ = (2n ± i)7r ± a. 



3. d=n7r+(-l)*. ^. 



6' 

6* 



CHAPTERS IV. AKD V. 

I. tanA 2. -cot3-4tan"X 3. 2 tan 2^. 

4. 0. 5. 1. 6. 1. 8. e = ^ + 2n7r±^. 

4 6 

9. 2e = 2n7r±^. 

10. Binl05' = i±^, cosl05" = i^. 

II, tanl65° = V3-2. 12. 8in^ = i. 
13. (1) e^nw+i-iy^a-"^ and 

^=«-+(-ir(i-a±|). 

(2) tan 5 = cot a + cot /3. 

(3) tan(^ - A') = tanJl + tan5+ tan a 
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17. cos^ = i(V5 + l), co8^ = i(V5-l), &c. 

18. 0=^^y common difference = V^- 

CHAPTER Vn. 

1. J?= 105° or 75°, (7= 60° or 90°, and c = V6 or 2^2. 

2. 36. 3. a = 10V3, 5=90°, (7=30°. 

4. J = 62-45, ^ = 38° 40' 56", J?=51°19'4". 

5. c=100, ^ = 36°52'ir-6, 5=53° 7'48"-4. 

6. ^ = 47° 54' 32", J?= 81° 39' 58", c = 62-3214. 

7. 5= 51° 59' 5", C=28°0'55", c = 47-6953. 

8. 5= 109° 28' 17" or 70° 31' 43", (7= 25° 31' 43" or 

64° 28' 17", c = 36-5683 or 76-5686. 

9. ^ = 94°, J = 66-0117, c = 40-8228. 

10. ^ = 36° 20' 10", 5= 26° 23' 4", C= 117° 16' 46". 
Area = 2133-07. 

11. Ex. 5, 5 = 50, r = 20, r, = 40. Ex. 7, 5=50-7713, 
r = 16-503, r, = 135-678. Ex, 10, 5 = 67-50825, r = 16-40825, 
r, = 42-66146. 

12. Perpendicular on greatest side = 35*55126 and seg- 

^ . ^ ^ 215 145 

ments of greatest side are — , — . 
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Demosthenes. Select Private Orations o£ After 

the text of DINDORF, with the Various Readings of REISKB and 
BEKKER. With English Notes. For the use of Schools. By 0. T. 
PENROSE, A. M. Second Edition. Revised and corrected. 12mo. it, 

Euripides. FabnlsB Quatuor, scilicet, Hippolytus 

Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Manuscriptorum ac veterum Edilionum emendavit et Annotationibas 
instnudt J. H. MONK. S.T.P. Editionova. 8vo. 13s, 
<8qMira(e<y— Hippolytus, 8to, cloth, 6s. ; Alcestis. 8to, sewed, is. 6d. 

Lucretius. With a literal Translation and Notes 

Gritiad and Explanatory, by the Rev. H. A. J. MUNRO, M.A. FeUow 
of Trinity College, Cambridge. Second Edition, revised througfaoutb 
2 VqIs. 8vo. Vol. I. Text, 16s. VoL II. Translation, 6s. Hay be had 
separately. 

Plato. The Gorgias, literally translated, with an 

Introductory Essay, containing a Siunmary of the Argument By 
B. H. COPE, M.A. FeUow of Trinity CoUege, Cambridge. 8vo. 7<. 

Plato, The Protagoras. The Greek Text, with 

English Notes. By W. WAYTB, M.A. Svo. 6s.6d. 

Plautus. Aulularia. With notes, Critical and 

Exegetlcal, and an Introduction on the Plautian Metres and Prosody. 
By Dr WM. WAONER. 8vo. ft*. 

Plautus. Aulularia. Ad fidem Codicum qui in 

BiUiollieca Musei Britannid exstant aliorumque nonnullorum re- 
oensuit, Notisqne et Glossario locuplete Instnudt J. HILD YARD, A.M. 
XditioaUera. 8to. 7#.6d. 
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Plautus, MenseclimeL Ad fidem Codicmxi qui 

in Bibliotheca Htuei Britannid exstant ali(nrumque nonnullonun 
reoeo8utt» Notiaque et Gloarario locuplete instnudt J. HILDTAED, 
A.M. Editio altera. 7t.6d. 

Propertius. The Elegies of. With English Notes^ 

and a PreSAce on the State of Latin Sdiolarsliip. By F. A. PALEY. 
ILA. Witli oopiouB Indices. 10/. 6d. 

Verse-Translations from Propertius, Book V. "With 

a BeYised Latin Text, and Brief English Notes. By F. A. PALET. H.A. 
Editor of Propertius, Ovid's Fasti, kc. Fcp. 8vo. Bt. 

Theociitus, recensuit brevi commentario instruxit 

F. A. PALET, H.A. Grown 8to. is. 64, 

A Complete Greek Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. TUrd Edition. 

oonsiderably enlarged. Svo. 16s. 
Without bebig formally based on any German Work, it has been writ- 
ten with constant reference to the latest and most esteemed of Greek 
Grammars used on the Continent 

A Complete Latin Grammar. For the use of 

Stadents. By the late J. W. DONALDSON, D.D. Second Edition, 

considerably enlarged. Svo. Us. 
The enlarged Edition of tlje Latin Grammar lias been prepared with 
the same object as the corresponding work on the Greek language. 
It is, however, especially designed to serve as a convenient hand- 
book for those students who wish to acquire the habit of writhig 
Latui ; and with this view it is furnished with an Antibarbarus, nHth 
a full discuasion of the most important synonyms, and with a variety 
of information not generally contained in works of this description. 

Varronianus. A Critical and Historical Introduc- 
tion to the Ethnography of Ancient Italy, and to the Philological Study 
of the Latin Language. By the late J. W. DONALDSON, D.p. 
Third Edition, revised and oonsiderably enla^d. Svo. 16s. 

The Theatre of the Greeks. A Treatise on the 

History and Exhibition of the Greek Drama : with various Supplements. 
By the late J. W. DONALDSON, D.D. Seventh EdUUm, revised, 
enlarged, and in part remodelled, with numerous illustrations from 
the best ancient authoritiea. Svo. 14#. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to Competitive Tests and University 
Teachhig. A Practical Essay on Liberal Education. By the late J. W. 
DONALDSON, D.D. Crown Svo. bs. 
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Sophoclea The CEdipus ColoneiiB with Kotes, 

intended prindpaDy to explain and defead the Ihxt of the mann- 
aeriplB as eppoaed to coiQeclaxal eBnendatioaa. By tbs Ber. a B. 
PALMER, M.A. 9t. 

Tacitus (C). Opera, ad Codices antiquissiiaoe 

ezacta et emendata, Cominentaxio crittco et exegetioo iUnatrata» 4 vols. 
Sto. Edidit F. RITTEB, Piot BonnenaiB. Seduced to lit. 

Translations into English and Latin. By 0. S. 

CALYERLET, late FeUow of Christli CoUege, CamMdge. SmaU 8to. 

p. Virgilii Maronis Opera edidit et syllabamm 

quantitates novo eo que focili modo notavit lliomas Janett, M.A. Ud- 
guEe Hebnes apud Caotabrigienaes Profaflrar Beghu. 12». 

Anmdines Cami : sive Musanim Cantabrigiensinm 

Lusua CanorL GoIIegit atque ed. H. DBT7BT, A.M. Bditio quinta. 
Cr. 8vo. 7#. 6d. 

roliorum Silvula. Fart the first. Being Passages 

for Tranalation into Latin Elegiac and Heroic Verse. Edited- ¥rith 
Notes by the Ber. HUBERT A. HOLDEN, LL.D., Head Master of 
Queen Elizabeth School, Ipswich. Late FeUow of Trinity College, 
Cambridge. Fourth Edition. PostSvo. U.6d, 

Foliorum Silvula. Part II. Being Select Passages 

for Tranalation into Latin Lyric and Comic Iambic Verse. Arranged 
and edited by the Bev. HUBERT A. HOLDEN, LL.D. TUid 
Edition. PoatSro. fif. 

Foliorum Silvula. Part III. Being Select Passages 

for Tranalation into Greek Verse. Edited ivith Notes by the Ber. 
HUBERT A. HOLDEN, LL.D. Third Edition. PostSro. 8#. 

Folia SilvuliB, sive Eclogse Poetarum Anglicorum 

in Latinum et Orsecum oonyeraae quae diaposuit, HUBEBTUS A. 
HOLDEN, LL.D. Volumen Friua. ContUienB Faadculos I. I^ 8vo. 

Foiiorum CenturisB. Being Select Passages for 

Tranalation into Latin and Greek Prose. Arranged and edited by 
the Bey. HUBERT A. HOLBEN, LL.D. Third Edition. Post 8to. 8t. 
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Kennedy (Rev. Dr). Progressive Exercises in Greek 

Tragic Senarii, followed by a Selection from the Greek Verses of 
Shrewsbury School/ and pre&ced by a ahart Account of the Iambic 
Metre and Style of Greek Tragedy. For the use of Schools and Private 
Students. Second Edition, altered and revised. 8vo. Si. 



Cambridge Examination Papers. Being a Supple- 
ment to the Cambridge university calendar, 1859. I2mo. St. 
Containing those set for the Tyrwhttt's Hebrew ScholarBhipe.—Theo- 
logical Examinations.— Carus Prizc^-Crosse Scholarships.— Mathe- 
matical Tripos.— The Ordinary B.A. Degree.— Smith's Prise.— Uni- 
versity Scholarships.--ClasBical Tripos.— Moral Sciences Tripos.— 
Chancellor's Legal Medals.— Chancellor's Medals.— Bell's Scholar* 
ships.— Natural Sciences Tripos. — Previous Examination.— Theological 
Examination. With Lists of Ordinary Degrees, and of those who have 
passed the Previous and Theological Examinations. 
The Examination Fapert of 1856, price 2g. 6d.« 18fi7 and 8, Zt. 6d. each, 
may still be had. 

A Manual of the Eoman Civil Law, arranged 

according to the Syllabus of Dr HALLIFAX. By G. LEAPINGk- 
WELL, LL.D. Designed for the use of Students in the UniversitieB and 
Inns of Court 8vo. 12«. 

The Mathematical and other Writings of ROBERT 

LESLIE ELLIS, M.A., late Fellow of Trinity CoUege, Cambridge. 
Edited by WILLIAM WALTON, M.A. Trinity CoUege, with a 
Biographical Memoir by the Very Reverend HAEVEY GOODWIN, 
D.D. Dean of Ely. Svo. 

Lectures on the History of Moral Philosophy in 

England. By the late Bev. W. WHEWELL, D.D. Master of Trini^ 
College, Cambridge. New and Improved Edition, with Additional Lec- 
tures. Crown Svo. 8i. 

The Additional Lectures are printed separately in Octavo for the conve- 
nience of those who Tiave purchased the former Edition. Price it. 6d, 

A Concise Grammar of the Arabic Language. Re- 
vised by SHEIKH ALI NADT EL BARRANT. By W. J. BBA- 
MONT, M.A. Fellow of Trinity College, Cambridge, and Incumbent of 
St Michael's, Cambridge, sometime Principal of the English College, 
Jerusalem. Price Is. 

A Syriac Grammar. By G. PHILLIPS, D.D., 

President of Queens' College. Third Edition, revised and enlarged. 
8vo. Is. Qd. 
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€f)t »tnnmVi auOie to tbt mihtM^ 
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SECOND EDITION, REVISED AND CORRECTED 
IN ACCORDANCE WITH THE RECENT 
REGULATIONS. 

[nteodtjotioic, by J. R. Sbblby, M.A. 
On Univbesity Expenses, by the Rev. H. Latham, M^. 
On the Choice op a College, by J. R. Sbeley, M,A. 
On the Coitrsb of Reading por the Mathematical 

Tripos, by the Rev. W. M. Campion, B.D. 
On the Course op Reading por the Classical Tripos, 

by the Rev. R. Burn, M.A. 
On the Course op Reading por the Moral Soibncbs 

Tripos, by the Rev. J. B. Mayor, M.A. 
On the Course op Reading por the Natural Soibnobs 

Tripos, by Professor Liveino, M.A. 
Qn Law Studies and Law Degrees, by Professor J. T. 

Abdy, LL.I>. 

Medical Study and Degrees, by G. M. Humphry, M.D. 
On Theological Examinations, oy Professor E. Harold 

Browne, B.D. 
The Ordinary (or Poll) Degree, by the Rev. J. R, 

LUMBY, M.A. 

E^MINATIONS POR THE ClVXL SERVICE OP INDIA, by the 

Rev. H. Latham, M.A. 
Local Examinations op the University, by H. J. 

RoBY, M.A. 
Diplomatic Service. 

Detailed Account op the Several Colleges. 

Partly with the view of assisting parents, guardians, 
schoohnasters, and students intending to enter their names at 
the University — partly also for the benefit of undergraduates 
themselves — a very complete, though condse, volume has just 
been issued, which leaves litUe or nothing to be desired. For 
lucid arrangement, and a rigid adherence to what is positively 
useful, we know of few manuals that could compete with this 
Student's Guide. It reflects no little credit on the University 
to which it supplies an unpretending, but complete, intro- 
duction." — Saturday Review. 



CAMBBIDOB: PBINTED AT THE UNIVERSITT PRESS. 



